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A Lefschetz fixed point formula for singular arithmetic 

SCHEMES WITH SMOOTH GENERIC FIBRES 
Shun Tang 



Abstract. In this article, we consider singular equivariant arith- 
metic schemes whose generic fibres are smooth. For such schemes, we 
prove a relative fixed point formula of Lefschetz type in the context of 
Arakelov geometry. This formula is an analog, in the arithmetic case, 
of the Lefschetz formula proved by R. W. Thomason in [31]. In par- 
ticular, our result implies a fixed point formula which was conjectured 
by V. Maillot and D. Rossler in [25]. 
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1 Introduction 

It is the aim of this article to prove a singular Lefschetz fixed point formula 
for some schemes which admit the actions of a diagonalisable group scheme, in 
the context of Arakelov geometry. We first roughly describe the history of the 
study of such Lefschetz fixed point formulae and relative Lefschetz-Riemann- 
Roch problems. 

Let k be an algebraically closed field and let n be an integer which is prime 
to the characteristic of k. A projective k— variety X which admits an auto- 
morphism g of order n will be called an equivariant variety. An equivariant 
coherent sheaf on X is a coherent sheaf F on X together with a homomor- 
phism ip : g* F — » F . It is clear that this homomorphism induces a family of 
endomorphisms H l (ip) on cohomology spaces H Z (X,F). 

A classical Lefschetz fixed point formula is to give an expression of the alter- 
nating sum of the traces of H l (ip), as a sum of the contributions from the com- 
ponents of the fixed point subvariety X g . On the other hand, roughly speaking, 
a Lefschetz-Ricmann-Roch theorem is a commutative diagram in equivariant 
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K— theory which can be regarded as a Grothendieck type generalization of the 
Lefschetz fixed point formula. Indeed, when we choose the base variety in such 
a commutative diagram to be a point, we will get the ordinary Lefschetz fixed 
point formula. If X is nonsingular, P. Donovan has proved such a theorem in 
by using the results and some of the methods of the paper of A. Borel 
and J. P. Serre on the Grothendieck- Riemann-Roch theorem (cf. [TU]). In [T], 
P. Baum, W. Fulton and G. Quart generalized Donovan's theorem to singular 
varieties, the key step of their proof heavily relies on an elegant method called 
the deformation to the normal cone. Denote by Go(X,g) (resp. K (X,g)) 
the Quillen's algebraic if-group associated to the category of equivariant co- 
herent sheaves (resp. vector bundles of finite rank) on X, then Ko(Pt,g) is 
isomorphic to the group ring Z[k] and Gq{X, g) (resp. Ko(X,g)) has a natural 
K (Pt, g)-module (resp. K (Pt, g)-algebra) structure. Let / be an equivari- 
antly projective morphism between two equivariant varieties X and Y, then 
it is possible to define a push- forward morphism /» from Go (X, g) to Go (Y, g) 
in a rather standard way. Let 1Z be any flat Ko(Pt, g)-algebra in which 1 — ( 
is invertible for each non-trivial n-th root of unity £ in k. The main result of 
Baum, Fulton and Quart reads: there exists a family of group homomorphisms 
L. between if -groups making the following diagram 

G (X,g) G (X g ,g) ® z[k] K 



f, 



G (Y,g)-^-G (Y g ,g) ® z[fc] K 

commutative. If Z is a nonsingular equivariant variety such that there exists an 
equivariant closed immersion from X to Z , then for every equivariant coherent 
sheaf E on X the homomorphism L. is exactly given by the formula 

L.(E) = \Zi(N% /Zg ) .Y,{-l) j ^ 0z {uE,0 Zg ) 

j 

where Nz/z g stands for the normal bundle of Z g in Z and \-i(N^ z ) := 

We would like to indicate that one can use the same method so called the defor- 
mation to the normal cone to extend Baum, Fulton and Quart's result to general 
scheme case where X and Y are Noetherian, separated schemes endowed with 
projective actions of the diagonalisable group scheme fj, n associated to Z/nZ. 
Here by a /x„-action on X we understand a morphism mx : /i„ x X 4 I 
which statisfies some compatibility properties. Denote by px the projection 
from fj, n x X to X. For a coherent Oj^-niodule E on X, a /i„-action on E we 
mean an isomorphism raj : v\E — > m* x E which satisfies certain associativity 
properties. We refer to [3D] and [2U Section 2] for the group scheme action 
theory we are talking about. 

In [31], R. W. Thomason used another way to generalize Baum, Fulton and 
Quart's result to the scheme case, and he removed the condition of projectivity. 
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The strategy Thomason followed was to use Quillen's localization sequence for 
higher equivariant AT-groups to prove an algebraic concentration theorem. Let 
D be an integral Noetherian ring, and let p n be the diagonalisable group scheme 
over D associated to Z/nZ. Denote the ring Z[Z/nZ] = Z[T]/(1 - T n ) by 
R(p n ). We consider the prime ideal p in R(p n ) which is the kernel of the canon- 
ical morphism Z[T]/(1 - T n ) ->■ Z[T]/($„) where $„ stands for the n-th cyclo- 
tomic polynomial. By construction the elements 1 — T k for k = 1, . . . , n — 1 arc 
not contained in p. Let X be a /z„-equivariant scheme over D, then Go(A, p n ) 
(resp. Ko(X,fx n )) has a natural i?(^„)-module (resp. i?(^„)-algebra) structure 
because K (D,p n ) is isomorphic to K (D)[T]/(1 — T n ). Denote by i the inclu- 
sion from X^ n to X. The algebraic concentration theorem reads: there exists 
a natural group homomorphism from Go(X IJjrz , p n ) p to G$(X, p, n ) p which 
is an isomorphism. Moreover, if X is regular, the inverse map of i„ is given 
by ^Z\(N X , X ) • i* where N x /x^ is the normal bundle of X^ in X. This 
concentration theorem can be used to prove a singular Lefschetz fixed point 
formula which is an extension of Baum, Fulton and Quart's result in general 
scheme case. Thomason's approach has nothing to do with the construction 
of the deformation to the normal cone, and the localization he used is slightly 
weaker than Baum, Fulton and Quart's in the sense that the complement of 
the ideal p in R(p n ) is not the smallest algebra in which the elements 1 — T k 
(k = 1, . . . , n— 1) are invertible. If one exactly chooses 1Z to be the complement 
of the ideal p in R(p n ), then these two localizations are equal to each other. 
In [21], K. Kohler and D. Rossler generalized the regular case of Baum, Fulton 
and Quart's result to Arakelov geometry. To every regular ^„-equivariant arith- 
metic scheme X, they associate an equivariant arithmetic -Ko - g r oup Kq(X, p n ) 
which contains some smooth form class on Xu n (C) as analytic datum. Such an 
equivariant arithmetic -Ko-group has a ring structure and moreover it can be 
made to be an i?(/i„)-algebra. Let N x/x be the normal bundle with respect 
to the regular immersion X^ n <->> X which is endowed with the quotient metric 
induced by a chosen Kahler metric of X(C), then the main theorem in [21] 
reads: the element A_i(iV x/x^ ) i s invertible in Ko{X^ n , p n ) ®R^ n ) TZ and we 
have the following commutative diagram 

— A J? (/)- 1 -r ^ 

K {X, p n ) ^■K Q {X lln ,n n ) K 

f, f„n, 

K (D, p n ) ^ K (D, p n ) ® R ^ n) TZ 

where A#(/) := A_x(N x / Xf , ) " (1 + Rg{^x/x„ n )), T stands for the restriction 
map and i is the natural morphism from a ring or a module to its localization 
which sends an element e to |. Here R g (-) is the equivariant i?-genus, the def- 
inition of the two push- forward morphisms /* and f^ n involves an important 
analytic datum which is called the equivariant analytic torsion. The strategy 
Kohler and Rossler followed to prove such an arithmetic Lefschetz-Riemann- 
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Roch theorem was to use the construction of the deformation to the normal 
cone to prove an analog of this theorem for equivariant closed immersions. Af- 
ter that, they decompose the morphism / to a closed immersion h from X 
to some projective space V r D followed by a smooth morphism p from P r D to 
Spec(-D). Then the theorem in general situation follows from an argument of 
investigating the behavior of the error term under the morphisms h and p. 
Provided X. Ma's extension of equivariant analytic torsion to higher equivariant 
analytic torsion form, it was conjectured by Kohler and Rbssler in |22] that an 
analog of [3T| Theorem 4.4] in relative setting holds. We have already proved 
this conjecture in [33]. Our method is similar to Thomason's, we first show 
that there exists an arithmetic concentration theorem in Arakelov geometry 
and then deduce from it the relative Lefschetz fixed point formula. The same 
as Thomason's approach, our method has nothing to do with the construction 
of the deformation to the normal cone, but unfortunately it only works for 
regular arithmetic schemes. 

One may naturally asked that whether it is possible to construct a more general 
arithmetic Go-theory and prove a relative Lefschetz fixed point formula for 
singular arithmetic schemes which is entirely an analog of Thomason's singular 
Lefschetz formula in Arakelov geometry. The answer is Yes, and this is what we 
have done in this article. To do this, one needs a Go-theoretic vanishing theorem 
which can be viewed as an extension of Kohler and Rossler's fixed point formula 
for closed immersions to the singular case. The proof of such a vanishing 
theorem occupies a lot of space in this article. Let X and Y be two singular 
equivariant arithmetic schemes with smooth generic fibres, and let / : X — > Y 
be an equivariant morphism which is smooth on the complex numbers. Assume 
that the /z ra -action on Y is trivial and / can be decomposed to be h o i where i 
is an equivariant closed immersion from X to some regular arithmetic scheme 
Z and h : Z — > Y is equivariant and smooth on the complex numbers. Let 
fj be an equivariant hermitian sheaf on X. Referring to Section 6.1 for the 
explanations of various notations, we announce that our main theorem in this 
article is the following equality which holds in Go(Y, /j, n , 0) p : 

k 

+ I Td(T/ 5 ,^)ch g (77)Td s (7,^)Td g - 1 (F) 

- I Td g (Tf)ch g (r,)R g (N x/Xg ) 

+ [ Td(T/ 9 ,o; x ,u;f)ch 5 (r7)Td s (iV z/Zg )Td; 1 (F). 

JXJY 

The structure of this article is as follows. In Section 2, we recall some 
differential-geometric facts for the convenience of the reader. In Section 3, we 
formulate and prove a vanishing theorem for equivariant closed immersions in 
a purely analytic setting. In Section 4, we define the arithmtic Go-groups with 
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respect to fixed wave front sets which are necessary for our later arguments. In 
Section 5 and Section 6, we formulate and prove the arithmetic concentration 
theorem and the relative Lefschetz fixed point formula for singular arithmetic 
schemes. 

Acknowledgements. The author wishes to thank his thesis advisor Damian 
Rossler for providing such an interesting topic, also for his constant encourage- 
ment and for many fruitful discussions between them. The author is greatful to 
Xiaonan Ma, from whom he gets many meaningful comments and suggestions. 
Finally, thanks to the referee, for his/her excellent work. 

2 Differential-geometric preliminaries 
2.1 Equivariant Chern-Weil theory 

Let G be a compact Lie group and let M be a compact complex manifold which 
admits a holomorphic G-action. By an equivariant hermitian vector bundle on 
M, we understand a hermitian vector bundle on M which admits a G-action 
compatible with the G-structure of M and whose metric is G-invariant. Let 
g € G be an automorphism of M, we shall denote by M g = {x e M | g ■ x = x} 
the fixed point submanifold. M g is also a compact complex manifold. 
Now let E be an equivariant hermitian vector bundle on M, it is well known 
that the restriction of E to M g splits as a direct sum 

E\m= 

Ces 1 

where the equivariant structure g E of E acts on E^ as multiplication by £. 
We often write E g for E\ and call it the 0-degree part of E \m 9 - As usual, 
Ap-i{M) stands for the space of (p, g)-forms Y°°{M, SPT*W M AA^T^ - 1 ) M), 
we define 

dimM 

A(M) = (A p >P(M)/(Imd + lmd)). 

p=0 

We denote by Q Ec G A 1 ' 1 (M g ) the curvature form associated to E{. Let 
(^c)ces 1 b e a family OI GL(C)-invariant formal power series such that 4>q <E 
C[[gl rk £ c (C)]] where rkE^ stands for the rank of Eq which is a locally constant 
function on M g . Moreover, let cf) e C[[0^ eS i C]] be any formal power series. 
We have the following definition. 

Definition 2.1. The way to associate a smooth form to an equivariant her- 
mitian vector bundle E by setting 

fl (S):=^((0 C (-^-))c€sO 

is called an g-equivariant Chern-Weil theory associated to (^)^gs 1 an d <t>- The 
class of 4> g {E) in A(M g ) is independent of the metric. 
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Write dd c for the differential operator ^ . The theory of equivariant secondary 
characteristic classes is described in the following theorem. 

Theorem 2.2. To every short exact sequence e : — > E — » E — > E — > of 

equivariant hermitian vector bundles on M , there is a unique way to attach a 
class 4> g (s) € A{Mg) which satisfies the following three conditions: 

(i) . 4> g i£) satisfies the differential equation 

dd c g (e) = d> g (E' ®E") - cf> g (E); 

(ii) . for every equivariant holomorphic map f : M' — > M, 4> g {f*e) = f*(f> g (e); 
(Hi). <^> s (e) =0ifeis equivariantly and orthogonally split. 

Proof. This is [HJ Theorem 3.4]. □ 

We now give some examples of equivariant character forms and their corre- 
sponding secondary characteristic classes. 

Example 2.3. (i). The equivariant Chern character form ch g (E) := 

E cesl Cch(E c ). 

(ii). The equivariant Todd form Td g (E) := ^^J^y^y As in [HI 
Thm. 10.1.1] one can show that 

Td g (E) = Td(E g ) [J det( L_^). 

(hi). Let e:Q^E^E^E be a short exact sequence of hermi- 
tian vector bundles. The secondary Bott- Chern characteristic class is given by 
ch 3 (X) = Ecesi Cch(e c ). 

(iv). If the equivariant structure g E has the eigenvalues Ci>" " , Cmj then the 
secondary Todd class is given by 

m i— 1 tci 

Td ff (e) = ^n Td S (^0)-Td(%)- II Td ^C, 

Remark 2.4. One can use Theorem 12.21 to give a proof of the statements (iii) 
and (iv) in the examples above. 

Let E be an equivariant hermitian vector bundle with two different hermitian 
metrics h\ and h%, we shall write cp g (E,hi,h2) for the equivariant secondary 
characteristic class associated to the exact sequence 

-> (E, -> (£, /i 2 ) -> -> 

where the map from (£7, /ii) to (£", /12) is the identity map. 
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2.2 Equivariant analytic torsion forms 

In [7J, J.-M. Bismut and K. Kohler extended the Ray-Singer analytic torsion 
to the higher analytic torsion form T for a holomorphic submersion. The 
purpose of making such an extension is that the differential equation on dd c T 
gives a refinement of the Grothendieck-Riemann-Roch theorem. Later, in his 
article [23], X. Ma generalized J.-M. Bismut and K. Kohler's results to the 
equivariant case. In this subsection, we shall briefly recall Ma's construction of 
the equivariant analytic torsion form. This construction is not very important 
for understanding the rest of this article, but the equivariant analytic torsion 
form itself will be used to define a reasonable push-forward morphism between 
equivariant arithmetic Go-groups. 

We first fix some notations and assumptions. Let / : M — > B be a proper 
holomorphic submersion of complex manifolds, and let TM, TB be the holo- 
morphic tangent bundle on M, B. Denote by J T * the complex structure on the 
real relative tangent bundle 3r/, and assume that h T ? is a hermitian metric on 
Tf which induces a Riemannian metric g T ? . Let T H M be a vector subbundlc 
of TM such that TM = T H M ®Tf, the following definition of Kahler fibration 
was given in [4j Def. 1.4]. 

Definition 2.5. The triple (f,h T f,T H M) is said to define a Kahler fibration 
if there exists a smooth real (1, 1)— form ui which satisfies the following three 
conditions: 

(i) . uj is closed; 

(ii) . T^M and Tr/ are orthogonal with respect to uj; 

(iii) . HX, Ye T R /, then u(X, Y) = (X, J Tf Y) gTf . 

It was shown in [5] Thm. 1.5 and 1.7] that for a given Kahler fibration, the 
form uj is unique up to addition of a form f*r) where 77 is a real, closed (1, 1)- 
form on B. Moreover, for any real, closed (1, l)-form uj on M such that the 
bilinear map X, Y 6 Tr/ h> uj(J t ^X, Y) € K defines a Riemannian metric and 
hence a hermitian product h T * on Tf, we can define a Kahler fibration whose 
associated (1, l)-form is uj. In particular, for a given /, a Kahler metric on M 
defines a Kahler fibration if we choose T H M to be the orthogonal complement 
of Tf in TM and ui to be the Kahler form associated to this metric. 
We now recall the Bismut superconnection of a Kahler fibration. Let (£, h£) 
be a hermitian complex vector bundle on M. Let V T -^, be the holomorphic 
hermitian connections on (Tf,h T f) and (£,h$). Let V A ^ T (0,1) ^) be the con- 
nection induced by V T/ on A(T*Wf). Then we may define a connection on 
A(T*(°' X )/) ® f by setting 

v A(T*^f)m = v A(T*^f) ® 1 + 1 8 v *. 

Let E be the infinite-dimensional bundle on B whose fibre at each point b G B 
consists of the C°° sections of A(T*( '^f) ®£ \ f -i b . This bundle E is a smooth 
Z-graded bundle. We define a connection V E on E as follows. If U € TrB, 
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let U H be the lift of U in T$ M so that f„U H = U. Then for every smooth 
section s of E over B, we set 

v £ s - v A(T * <o,1)/)0 « s 

V ;yS — V lJH b. 

For t e B, let c? Zb be the Dolbeault operator acting on Ef,, and let d Zb be 
its formal adjoint with respect to the canonical hermitian product on Ef, (cf. 
[231 1.2]). Let C{T R f) be the Clifford algebra of (T m f,h Tf ), then the bundle 
A(T*(°' 1 )/) ® ^ has a natural C(T R /)-Clifford module structure. Actually, if 
[/ G T/, let [/' G T*^ 1 )/ correspond to U defined by £/'(•) = h T f (U, •), then 
for U, V G T/ we set 

c(J7) = V2t/'A, c(F) = -V2i F 

where is the contraction operator (cf. [9) Definition 1.6]). Moreover, if 
U,V G T K B, we set T(U H ,V H ) = -P Tf [U H ,V H ] where P T/ stands for the 
canonical projection from TM to Tf. 

Definition 2.6. Let e%,..., e 2m be a basis of TrB, and let e 1 , ... , e 2m be the 
dual basis of T^B. Then the element 

c{T) = \ J2 e a AeP®c(T(a»,ef)) 

l<a.J3<2m 

is a section of (/*A(T I |S)§End(A(T*( ' 1 )/) ® £))° dd - 

Definition 2.7. For w > 0, the Bismut superconnection on E 1 is the differential 
operator 

B u =V E + Md Z +d Z *)--±=c(T) 

2y2u 

on /*(A(T^B))§(A(T*(°' 1 )/) ® £)■ 

Definition 2.8. Let N v be the number operator on A^*^ 1 )/) <g>£ and on £, 
namely N v acts as multiplication by p on A^T^ ' 1 )/) ® f. For [7, V G T R B, 
set (i7, V) = lu m (U H ,V H ) where is the closed form in the definition 
of Kahler fibration. Furthermore, for u > 0, set N u = Nv + ^ — ■ 

We now turn to the equivariant case. Let G be a compact Lie group, we shall 
assume that all complex manifolds, hermitian vector bundles and holomorphic 
morphisms considered above are G— equivariant and all metrics are G-invariant. 
We will additionally assume that the direct images R k f*£, are all locally free 
so that the G-equivariant coherent sheaf is locally free and hence a G- 

equivariant vector bundle over B. [231 1.2] gives a G-invariant hermitian metric 
(the L 2 -metric) h R f*t on the vector bundle i£'/*£. 

For g G G, let M g = {x G M \ g-x = x} and B g = {b G B \ g-b = b} be the fixed 
point submanifolds, then / induces a holomorphic submersion f g : M g — > B g . 
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Let $ be the homomorphism a i-> (2i7r)~ de s Q / 2 of A cvcn (T^B) into itself. We 
put 

dimAf-dimB 
k=0 

and 

dimM— dimB 

cti g (RM,h R f*t)= J2 (-l) k kch g (R k M,h Rk ^). 

k=0 

Definition 2.9. For seC with Re(s) > 1, let 

Ci(s) = ~-^)J u s -H$Tr s [gN u exp(-BZ)}-cti g (Rte,h R ^))du 

and similarly for s g C with Re(s) < |, let 
1 Z" 00 

Ca(«) =-f^jJ u^^Tr^gN^M-Bl)] - cti g (R M, h R ^))du. 

X. Ma has proved that Ci( s ) extends to a holomorphic function of s e C near 
s = and £2(3) is a holomorphic function of s. 

Definition 2.10. The smooth form T g (uj M ,h^) := ^(Ci + C2XO) on B g is 
called the equi variant analytic torsion form. 

Theorem 2.11. The form T g (uj AI , h^) lies in p>o A p ' p (B g ) and satisfies the 
following differential equation 

dA c T g {u: M M) = ch g (RM, h R ' f *t) - / Td g (T/, h T f)ch g (£, 

JM g /B g 

Here A p,p (B g ) stands for the space of smooth forms on B g of type (p,p). 
Proof. This is 23, Theorem 2.12]. □ 

We define a secondary characteristic class 

dimM-dimS 

ch g (RM,h R ^,h' R ^) := ]T (-l) k ch g (R k M,h Rk f*t,h' Rk ^) 

k=0 

such that it satisfies the following differential equation 

dd c ch 9 (i?74, h R ^, h' R '^) = ch g (RM, h R ' f -t) - ch g (RM, h' R ^), 

then the anomaly formula can be described as follows. 
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Theorem 2.12. (Anomaly formula) Let oj' be the form associated to another 
Kahler fibration for f : M — >■ B. Let h' T ^ be the metric on T f in this new 
fibration and let h!^ be another metric on £. The following identity holds in 
A(B g ):=^ (APP(B g )/(lrad + lmd)): 

T g (co M , h<) - T g (cu' M , h*) =ch g (R M, h R f'Z, h' R f*Z) 

- f [fd g (Tf,h T f,h' T f)ch g (^h^) 

JMg/Bg 

+ Td g (T/, h' T f)ch g ^,h^h'^)}. 

In particular, the class ofT g (u> M ,h^) in A(B g ) only depends on (h T -',h^). 
Proof. This is 23, Theorem 2.13]. □ 

2.3 Equivariant Bott-Chern singular currents 

The Bott-Chern singular current was defined by J.-M. Bismut, H. Gillet and 
C. Soule in [5] in order to generalize the usual Bott-Chern secondary char- 
acteristic class to the case where one considers the resolutions of hermitian 
vector bundles associated to the closed immersions of complex manifolds. In 
[2], J.-M. Bismut generalized this topic to the equivariant case. We shall recall 
Bismut's construction of the equivariant Bott-Chern singular current in this 
subsection. Similar to the equivariant analytic torsion form, the construction 
itself is not very important for understanding our later arguments, we just re- 
call it for the convenience of the reader. Bismut's construction was realized via 
some current valued zeta function which involves the supertraces of Quillen's 
superconnections. This is similar to the non-equivariant case. 
As before, let g be the automorphism corresponding to an element in a com- 
pact Lie group 67. Let i : Y — > X be an equivariant closed immersion of 
G-equivariant Kahler manifolds, and let rj be an equivariant hermitian vector 
bundle on Y. Assume that £. is a complex (of homological type) of equivariant 
hermitian vector bundles on X which provides a resolution of i*rj. We denote 
the differential of the complex £. by v. Note that £. is acyclic outside Y and 
the homology sheaves of its restriction to Y are locally free and hence they are 
all vector bundles. We write H n = H n {£- |r) and define a Z-graded bundle 
H = n H n . For each y £Y and u <E TX y , we denote by d u v(y) the derivative 
of v at y in the direction u in any given holomorphic trivialization of £. near y. 
Then the map d u v(y) acts on H y as a chain map, and this action only depends 
on the image z of u in N y where N stands for the normal bundle of i(Y) in X. 
So we get a chain complex of holomorphic vector bundles (H, d z v). 
Let 7r be the projection from the normal bundle N to Y, then we have a 
canonical identification of Z-graded chain complexes 



(ir*H,d z v) = (it*{/\N v ®n),i z ). 
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For this, one can see [3J, Section Lb. Moreover, such an identification is an 
identification of G-bundles which induces a family of canonical isomorphisms 
j n : H n = A n N v (g) 77. Another way to describe these canonical isomorphisms 
7„ is applying [13 , Exp. VII, Lemma 2.4 and Proposition 2.5. These two 
constructions coincide because they are both locally, on a suitable open covering 
{Uj}j£j, determined by any complex morphism over the identity map of 77 \u j 
from (£. \uj,v) to the minimal resolution of r\ \u j (e.g. the Koszul resolution). 
The advantage of using the construction given in fT3] is that it remains valid 
for arithmetic varieties over any base instead of the complex numbers. Later 
in [2], for the use of normalization, J.-M. Bismut considered the automorphism 
of N v defined by multiplying a constant — 1, it induces an isomorphism of 
chain complexes 



This identification induces a family of isomorphisms 7^ : H„ = A n N v <X> 77. By 
finite dimensional Hodge theory, for each y € there is a canonical isomor- 
phism 



where v* is the dual of v with respect to the metrics on This means that H 
can be regarded as a smooth Z-graded G-equivariant subbundle of f so that it 
carries an induced G-invariant metric. On the other hand, we endow AiV v <g) 77 
with the metric induced from N and 77. J.-M. Bismut introduced the following 
definition. 

Definition 2.13. We say that the metrics on the complex of equivariant her- 
mitian vector bundles £. satisfy Bismut assumption (A) if the identification 
(ir*H,d z v) = ("7r*(A7V v (g> 77), y/—li z ) also identifies the metrics, it is equiva- 
lent to the condition that the identification (ir*H,d z v) = (ir*(AN w <g) 77), i z ) 
identifies the metrics. 

Proposition 2.14. There always exist G-invariant metrics on £. which satisfy 
Bismut assumption (A) with respect to the equivariant hermitian vector bundles 
N and rj. 

Proof. This is [21 Proposition 3.5]. □ 

From now on we always suppose that the metrics on a resolution satisfy Bismut 
assumption (A). Let be the canonical hermitian holomorphic connection on 
then for each u > 0, we may define a G-invariant superconnection 




and hence 




H y ^{fety\vf = 0,v*f = 0} 



C u := V e + V«(w + w*) 
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on the Z2-graded vector bundle £. Moreover, let $ be the map a € A(T^X g ) —> 
(2m)~ dc s a / 2 a G A(T£X 9 ) and denote 

WW -^| 6 =o (Td fl (6-Id-— r 1 ) 

where ft N is the curvature form associated to N. We recall as follows the 
construction of the equivariant singular current given in [2j Section VI] . 

Lemma 2.15. Let Nh be the number operator on the complex £. i.e. it acts on 
£j as multiplication by j , then for s G C and < Re(s) < \, the current valued 
zeta function 

_ i r°° 

Z g ^.){s) := ^ J u s - x [$Tr s (N H gexp(-C 2 u )) + (Td- 1 )' (N)ch g (rj)5 Yg ]du 

is well-defined on X g and it has a meromorphic continuation to the complex 
plane which is holomorphic at s = 0. 

Definition 2.16. The equivariant singular Bott-Chern current on X g associ- 
ated to the resolution £. is defined as 

T g (l) := ^ | s=0 Z g (l)(s). 

Theorem 2.17. The current T g (^.) is a sum of (p,p) -currents and it satisfies 
the differential equation 

dd c T s (£.) = i^ch^Td- 1 ^ - ]T(-l) fc ch 3 (£ fe ). 

k 

Moreover, the wave front set o/T s (£.) is contained in Ng R where stands 
for the underlying real bundle of the dual of N g . 

Proof. This follows from [21 Theorem 6.7, Remark 6.8]. □ 

Finally, we recall a theorem concerning the relationship of equivariant Bott- 
Chern singular currents involved in a double complex. This theorem will be 
used to show that our definition of a general embedding morphism in equivari- 
ant arithmetic Go-theory is reasonable. 

Theorem 2.18. Let 

X ■ 7?„ > fj-y -> rj -> 

be an exact sequence of equivariant hermitian vector bundles on Y . Assume 
that we have the following double complex consisting of resolutions of i*x such 
that all rows are exact sequences. 

?„, ?i, ?o, 
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For each k, we write Sk for the exact sequence 



-> £n,k -> ► £l,fc 




T/ien we Ziawe the following equality inU(X g ) := Q >0 (D p ' p (X g )/(Imd+Imd)) 



2.4 Bismut-Ma's immersion formula 

In this subsection, we shall recall Bismut-Ma's immersion formula which reflects 
the behaviour of the equivariant analytic torsion forms of a Kahler fibration 
under composition of an immersion and a submersion. By translating to the 
equivariant arithmetic Go-theoretic language, such a formula can be used to 
measure, in arithmetic Go-theory, the difference between a push-forward mor- 
phism and the composition formed as an embedding morphism followed by a 
push-forward morphism. Although Bismut-Ma's immersion formula plays a 
very important role in our arguments, we shall not recall its proof since it is 
rather long and technical. 

Let i : Y — > X be an equivariant closed immersion of G-equivariant Kahler 
manifolds. Let 5 be a complex manifold with the trivial G-action, and let 
f : Y —¥ S, I : X — > S be two equivariant holomorphic submersions such that 
/ = I o i. Assume that rj is an equivariant hermitian vector bundle on Y and 
£. provides a resolution of i*,r] on X whose metrics satisfy Bismut assumption 
(A). Let u> Y , oj x be the real, closed and G-invariant (1, l)-forms on Y, X 
which induce the Kahler fibrations with respect to / and I respectively. We 
additionally assume that ui Y is the pull-back of u x so that the Kahler metric 
on Y is induced by the Kahler metric on X. As before, denote by N the normal 
bundle of i(Y) in X. Consider the following exact sequence 



Jf : -> T/ -J- TZ \ Y -> N -> 
where TV is endowed with the quotient metric, we shall write Td s (T/, Tl \y ) for 



For simplicity, we shall suppose that in the resolution £j are all I— acyclic 
and moreover n is /—acyclic. By an easy argument of long exact sequence, we 
have the following exact sequence 




Here D p ' p (X g ) stands for the space of currents on X g of type (p,p). 
Proof. This is [SJ Theorem 3.14]. 



□ 




-> l*(£ m ) -> i*(£m-l) /*(&) -> f*T) -> 0. 
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By the semi-continuity theorem, all the elements in the exact sequence above 
are vector bundles. In this case, we recall the definition of the L 2 -metrics on 
direct images precisely as follows. We just take f*h v as an example. Note that 
the semi-continuity theorem implies that the natural map 

(R°f^) s ^H°(Y s , V \ Ys ) 

is an isomorphism for every point s £ S where Y s stands for the fibre over s. 
We may endow H°(Y S) rj \y b ) with a L 2 -metric given by the formula 

where d s is the complex dimension of the fibre Y s . It can be shown that 
these metrics depend on s in a C°° manner (cf. [9l p. 278]) and hence define a 
hermitian metric on f^n. We shall denote it by f*hP. 

In order to understand the statement of Bismut-Ma's immersion formula, we 
still have to recall an important concept defined by J.-M. Bismut, the equiv- 
ariant i?-genus. Let W be a G-equivariant complex manifold, and let E be an 
equivariant hermitian vector bundle on W . For £ € S 1 and s > 1 consider the 
zcta function 

k=l 

and its meromorphic continuation to the whole complex plane. Define the 
formal power series in x 

OO r\ j n -\ n 

: =£(f(c>-^+£(c,-n)£^- 

n=0 j=l J 

Definition 2.19. The Bismut equivariant i?-genus of an equivariant hermitian 
vector bundle E with E \x g = X< ^ s defined as 

R g (E) :-E( T *-^)-^(l/C,^)) 

Ces 1 

where Ec is the curvature form associated to E^. Actually, the class of R g {E) 
in A(X g ) is independent of the metric and we just write R g (E) for it. Further- 
more, the class R g {-) is additive. 

Theorem 2.20. (Immersion formula) Let notations and assumptions be as 
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above. Then the equality 



rn 



^(-i)%(^,^)-r 5 ( w y ,^) + ch g (s,^ 2 ) 



i=0 



Jxjs Jyjs Td 5 (iV) 



ch g (ry) 



+ 



x g /s 



Td g (Tl)R g (Tl) ^(-irchgfe)- 



Yg/S 



Td 9 (Tf)Rg (Tf)chg (77) 



holds in A(S). 



Proof. This is the combination of [H Theorem 0.1 and 0.2], the main theorems 



3 a vanishing theorem for equivariant closed immersions 
3.1 The statement 

By a projective manifold we shall understand a compact complex manifold 
which is projective algebraic, that means a projective manifold is the complex 
analytic space X(C) associated to a smooth projective variety X over C (cf. 
[17l Appendix B]). Let \x n be the diagonalisable group variety over C associated 
to 1/nL. We say X is /i„-equivariant if it admits a /i„-projective action, this 
means the associated projective manifold X(C) admits an action by the group 
of complex n-th roots of unity. Denote by X„ n the fixed point subscheme of X, 
by GAGA principle, Xp n (C) is equal to X(C) g where g is the automorphism 
on X(C) corresponding to a fixed primitive n-th root of unity. If no confusion 
arises, we shall not distinguish between X and X(C) as well as X^ and X g . 
Since the classical arguments of locally free resolutions may not be compati- 
ble with the equi variant setting, we summarize some crucial facts we need as 
follows. 

(i) . Every equivariant coherent sheaf on an equivariantly projective scheme is 
an equivariant quotient of an equivariant locally free coherent sheaf. 

(ii) . Every equivariant coherent sheaf on an equivariantly projective scheme 
admits an equivariant locally free resolution. It is finite if the equivariant 
scheme is regular. 

(iii) . An exact sequence of equivariant coherent sheaves on an equivariantly 
projective scheme admits an exact sequence of equivariant locally free resolu- 
tions. 

(iv) . Any two equivariant locally free resolutions of an equivariant coherent 
sheaf on an equivariantly projective scheme can be dominated by a third one. 
Now let i : Y — > X be a /z n -equivariant closed immersion of projective manifolds 
with normal bundle N. Let S be a projective manifold with the trivial /i n - 
action and let h : X — > S be an equivariant holomorphic submersion whose 



in that paper. 



□ 
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restriction / : Y — > 5* is an equivariant holomorphic submersion. According to 
our assumptions, we may define a Kahler fibration with respect to h by choosing 
a /x ra (C)-invariant Kahler form uj x on X. By restricting uj x to Y we obtain a 
Kahler hbration with respect to /. The same thing goes to h g : X g — > S and 
f g : Y g — > S. Let rj be an equivariant hermitian holomorphic vector bundle on 
Y, assume that (£., v) is a complex of equivariant hermitian vector bundles on 
X which provides a resolution of i^fj, whose metrics satisfy Bismut assumption 
(A). 

Write N g for the 0-degree part of A |y which is isomorphic to the normal 
bundle of i g (Y g ) in X g and denote by F the orthogonal complement of N g . 
According to [T31 Exp. VII, Lemma 2.4 and Proposition 2.5] we know that 
there exists a canonical isomorphism from the homology sheaf \x ) to 

*s* (A'-F v <E)f] |y ) which is equivariant. Then the restriction of (£., v) to X g can 
always split into a series of short exact sequences in the following way: 

(*) : O^Im^Kcr^i gst (A'F v <g)77 \y g ) ->■ 

and 

(**) : — !• Ker -> £. \x g -> Im 0. 

Suppose that A'F V ® 77 |y and £. |x s are all acyclic (higher direct images 
vanish). Then according to an easy argument of long exact sequence, these 
short exact sequences (*) and (**) induce a series of short exact sequences of 
direct images: 

H(*) : flV(Im) -> i2%,(Ker) -> fl°/ 9 *(A'F v | n ) -> 

and 

%{**) : i?%,(Ker) #%,(£. UJ -► UPh^Qm) -> 0. 

By semi-continuity theorem, all elements in the exact sequences above are 
vector bundles. We endow R Q h 9:t (£. \ Xg ) and R°f gi¥ (A'F v ® 7/ |y g ) with the 
L 2 -metrics which are induced by the metrics on 77 and F. Here the normal 
bundle A admits the quotient metric induced from the exact sequence 

0-)T/4T)i |y-> A ^ 

and the bundle F admits the metric induced by the metric on A. Moreover, 
we endow R°h g (Im) and R°h g>t (Ker) with the metrics induced by the L 2 - 
metrics of R°hg :t (^. \x ) so that W(*) and %(**) become short exact sequences 

of equivariant hermitian vector bundles. Denote by ch fl (£.,ry) the alternating 
sum of the equivariant secondary Bott-Chern characteristic classes of %(*) and 
H(**) such that it satisfies the following differential equation 

dd c c~h 3 (e,77) =^(-l) J ch g (i?°/ s ,(A^ V ® 77 |yj) 

j 

-£(-l) J 'ch a (iZVfo |xj). 

i 
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Now the difference 

S(i,f!,l) :=ch g (t,v) -Y l (-l) k T g (u Y >X" FV ® r ' W >) 
k 

+ E(- 1 ) feT >* 9 ^ fclX9 )- / m.)Td(Tr g ) 

k Jx g /s 

- f Td(T/ g )Td g - 1 (F)ch 9 (r 7 )i?(7V s ) 
Jyjs 

Jy 9 /s 

makes sense and it is an element in © p>0 A p ' p (S)/(lmd + Imd). Here the 
symbols T g (-) in the summations stand for analytic torsion forms introduced 
in Section 2.1, the symbol T ff (£.) in the integral is the equivariant Bott-Chern 
singular current introduced in Section 2.2. 

The vanishing theorem for equivariant closed immersions can be formulated as 
the following. 

Theorem 3.1. Let i : Y — > X be an equivariant closed immersion of projective 
manifolds, and let S be a projective manifold with the trivial jj, n -action. Assume 
that we are given two equivariant holomorphic submersions f : Y — > S and 
h : X — > S such that f = h o i. Then X admits an equivariant hermitian very 
ample invertible sheaf L relative to the morphism h, and for any equivariant 
hermitian resolution — >• £ m — >• • • • £ x — > £ — > ij) — >• we have 

5{i,rj®i*C ,£.®C ) = for n > 0. 

Here the metrics on the resolution are supposed to satisfy Bismut assumption 
(A). 

3.2 Deformation to the normal cone 

To prove the vanishing theorem for closed immersions, we use a geometric 
construction called the deformation to the normal cone which allows us to 
deform a resolution of hermitian vector bundle associated to a closed immersion 
of projective manifolds to a simpler one. The (5-diffcrencc of this new simpler 
resolution is much easier to compute. 

Let i : Y X be a closed immersion of projective manifolds with normal 
bundle N X /y For a vector bundle E on X or Y, the notation P(E) will stand 
for the projective space bundle Proj(Sym(i? v )). 

Definition 3.2. The deformation to the normal cone W(i) of the immersion 
i is the blowing up of X x P 1 along Y x {oo}. We shall just write W for W(i) 
if there is no confusion about the immersion. 
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There are too many geometric objects and morphisms appearing in the con- 
struction of the deformation to the normal cone, we have to fix various notations 
in a clear way. We denote by p x (resp. py) the projection X x P 1 — > X (resp. 
Y x P 1 -> Y) and by 7r the blow-down map W -> X x P 1 . We also denote by 
(resp. qy) the projection I x P 1 ^ F 1 (resp. Y~ x P 1 — > P 1 ) and by the 
composition o 7r. It is well known that the map qw is flat and for t G P 1 , 
we have 



where X is isomorphic to the blowing up of X along Y~ and P is isomorphic to 
the projective completion of N x /y i- e - the projective space bundle P(N x /y © 
Oy). Denote the canonical projection from P{N x /y © Oy) to Y by 7rp, then 
the morphism Oy — > N x /y © Oy induces a canonical section : Y~ <— >• 
P(-Wx/y © Oy) which is called the zero section embedding. Moreover, let 
j : Y x P 1 — > TT be the canonical closed immersion induced by i x Id, then the 
component X doesn't meet j(Y x P 1 ) and the intersection of j(Y x P 1 ) with 
P is exactly the image of Y under the section i^. 

The advantage of the construction of the deformation to the normal cone 
is that we may control the rational equivalence class of the fibres (t). 
More precisely, in the language of line bundles, we have the isomorphisms 
O(X) = (D(P + X) = 0{P) <g> 0{X) which is an immediate consequence of the 
isomorphism O(0) = O(oo) on P 1 . 

On P = P(N x /y © Oy), there exists a tautological exact sequence 



where Q is the tautological quotient bundle. This exact sequence and the 
inclusion Op — > tt p (N x /y © Oy) induce a section a : Op — > Q which vanishes 
along the zero section ioo{Y). By duality we get a morphism Q v — > Op, and 
this morphism induces the following exact sequence 



where n is the rank of Q. Note that is a section of np i.e. n P o = Id, 
the projection formula implies the following definition. 

Definition 3.3. For any vector bundle 77 on Y, the following complex of vector 
bundles 



provides a resolution of ioo*r] on P. This complex is called the Koszul resolu- 
tion of ioo,,)) and will be denoted by k(j], Nx/y)- If the normal bundle N x /y 
admits some hermitian metric, then the tautological exact sequence induces a 
hermitian metric on Q. If, moreover, the bundle 77 also admits a hermitian 
metric, then the Koszul resolution is a complex of hermitian vector bundles 
and will be denoted by 7t(ry, N x / Y ). 




-> O(-l) -> n P (N x/Y O y ) -> Q -> 



-> A"Q V -> >• A 2 Q V -> Q v -> P -> ioo.Oy -> 



-> A"Q V ® Trpry -> >■ A 2 Q V ® TTpr/ -> Q v (g) 7r P r/ Trpry 



Singular fixed point formula of Lefschetz type 



19 



Now, assume that X is a ^„-equivariant projective manifold and E is an 
equivariant locally free sheaf on X. Then according to [20j (1.4) and (1.5)], 
P(E) admits a canonical \x n -equivariant structure such that the projection map 
V(E) — > X is equivariant and the canonical bundle 0(1) admits an equivariant 
structure. Moreover, let Y — > X be an equivariant closed immersion of projec- 
tive manifolds, according to [201 (1-6)] the action of fj, n on X can be extended 
to the blowing up BlyX such that the blow-down map is equivariant and the 
canonical bundle 0(1) admits an equivariant structure. So by endowing P 1 
with the trivial ^„-action, the construction of the deformation to the normal 
cone described above is compatible with the equivariant setting. 
For the use of our later arguments, the Kahler metric chosen on W should be 
well controlled on the fibres of the deformation. For this purpose, it is necessary 
to introduce the following definition. 

Definition 3.4. (Rossler) A metric h on W is said to be normal to the defor- 
mation if 

(a) , it is invariant and Kahler; 

(b) . the restriction h \j (Y g xP r ) is a product h! x h", where h! is a Kahler 
metric on Y g and h" is a Kahler metric on P 1 ; 

(c) . the intersections of X x {0} with j*(Y x P 1 ) and of P with j*(Y x P 1 ) are 
orthogonal at the fixed points. 

Lemma 3.5. For any fj, n -invariant Kahler metric h on X which induces an 
invariant Kahler metric h Y on Y, there exists a metric h on W which is 
normal to the deformation and the restriction of h to X = X x {0} (resp. 
Y = Y x {oo}j is exactly h x (resp. h Y ). Moreover, we may require that the 
hermitian normal bundles NyxP 1 /Yx{o} an d Nyxr 1 /Yx{oo} are both isometric 
to the trivial bundles with trivial metrics. 

Proof. The existence of the metric which is normal to the deformation is the 
content of [2TJ Lemma 6.13] and [2B] Lemma 6.14], such a metric is constructed 
via the Grassmannian graph construction. Roughly speaking, according to an- 
other description of the deformation to the normal cone via the Grassmannian 
graph construction, we have an embedding W — > X x P r x P 1 and the metric 
h w is the ^-average of the restriction of a product metric on X x P r x P 1 
(cf. [551 Lemma 6.14]). When we endow X in the product with the metric 
h , the requirements on restrictions are automatically satisfied since h x is 
/Kn-invariant. To fulfill the requirements on hermitian normal bundles, we may 
just choose the Fubini-Study metric on P . □ 

We summarize some very important results about the application of the defor- 
mation to the normal cone as follows. Their proofs can be found in [211 Section 
2 and 6.2]. 

Theorem 3.6. Let i : Y — » X be an equivariant closed immersion of equivari- 
ant projective manifolds, and let W = W(i) be the deformation to the normal 
cone of i. Assume thatrj is an equivariant hermitian vector bundle on Y . Then 
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(i) . there exists an equivariant hermitian resolution of on W, whose 
metrics satisfy Bismut assumption (A) and whose restriction to X is equivari- 
antly and orthogonally split; 

(ii) . the natural morphism from the deformation to the normal cone W(i g ) to 
the fixed point submanifold W(i) g is a closed immersion, this closed immersion 
induces the closed immersions P(iVx /y ©Oy g ) — > P(Nx/y ffiCy) 9 and X g — > 
X g> 

(Hi). the fixed point submanifold of ¥(N x /y © ®y) * s ^{N x iy © 

0K 8 )Uc/,P((*A-/v)c); 

(iv). the closed immersion ioo,g factors through ¥(Nx /y ©0y B ) and the other 
components ¥((Nx/y)c) don't meet Y. Hence the complex k(Oy, Nx/Y)g> ob- 
tained by taking the 0-degree part of the Koszul resolution, provides a resolution 
ofO Yg onP(Nx/Y®0 Y ) g . 

3.3 Proof of the vanishing theorem 

We shall first prove the first part of the vanishing theorem for closed immersions 
i.e. the existence of an equivariant hermitian very ample invertible sheaf on 
X which is relative to the morphism h : X — > S. Generally speaking, such an 
invertible sheaf can be constructed rather easily since X admits a /i„-projective 
action and the /u n -action on S is supposed to be trivial, but for the whole proof 
of the vanishing theorem we would like to construct a special one which is the 
pull-back of some equivariant hermitian very ample invertible sheaf on W(i) 
under the identification X = X x {0}. Our starting point is the following. 

Definition 3.7. Let M be a ^-projective manifold, and let P^ f be some 
relative projective space over M. A /x„-action on P^ f arising from some /in- 
action on the free sheaf 0® f n+1 via the functorial properties of the Proj symbol 
will be called a global /i„-action. 

The advantage of considering global /x„-action is that on a projective space 
which admits a global /i„-action the twisted line bundle 0(1) is naturally /Lt„- 
equi variant. 

Lemma 3.8. The morphism h : X — > S factors though some relative projective 
space Pg which admits a global fj, n -action. 

Proof. By assumption, X admits a \x n -projective action. Then [2TJ Lemma 2.4 
and 2.5] imply that there exists an equivariant closed immersion from X to 
some projective space P r endowed with a global action. By using the universal 
property of fibre product, we obtain a morphism from X to P£. = S x P r which 
is equivariant. Moreover, this morphism is clearly a closed immersion. Since 
the action on S is trivial, the induced action on the fibre product S x P r is still 
global. So we are done. □ 

Lemma 3.9. Let I : W(i) — > S be the composition hopxoir. Then W(i) admits 
an equivariant very ample invertible sheaf C which is relative to I . 
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Proof. By Lemma 13 . 81 h : X — > S factors through some relative projective 
space Pg which admits a global ^ n -action. So X admits an equivariant very 
ample invcrtible sheaf relative to h. Since the ^t n -action on S is supposed to be 
trivial, P^- = XxP 1 = X x ^P^ also admits an equivariant very ample invertible 
sheaf relative to the morphism h o p x which is denoted by Q. Moreover, by 
construction, W(i) admits a very ample invertible sheaf 0^(1) £g> ir*Q® b for 
some b > which is relative to the blow-down map ir (cf. [17, II. Proposition 
7.10]). Assume that P^ xj P™ is the relative projective space associated to 
0w(l) ® n*G® b , and that Pg is the relative projective space associated to 
Q. Then the very ample invertible sheave on Pi xj P™ with respect to the 
embedding 

V X XfiP™ X5P5 

can be written as Q M (9j>™(1) whose restriction to W(i) is equal to 0^(1) ® 
■K*Q® b+1 . Therefore, O w {l)®TT*g® b+1 is a very ample invertible sheaf on W{i) 
relative to I : W(i) — > S, this invertible sheaf is clearly equivariant. □ 

From now on, we shall fix the equivariant very ample invertible sheaf C con- 
structed in Lemma 13.91 We also fix a /i„-invariant hermitian metric on C, note 
that this metric always exists according to an argument of partition of unity. 
When we deal with the tensor product of a coherent sheaf T with some power 
£® n , we just write it as T{n) for simplicity. Before we give the proof of the rest 
of the vanishing theorem, we shall recall the concept of equivariant standard 
complex and some technical results. 

Definition 3.10. Let 5 be a projective manifold and let £. be a bounded 
complex of hermitian vector bundles on S. We say £. is a standard complex if 
the homology sheaves of £. are all locally free and they are endowed with some 
hermitian metrics. We shall write a standard complex as (£., h H ) to emphasize 
the choice of the metrics on the homology sheaves. 

Definition 3.11. Let S be an equivariant projective manifold. An equivariant 
standard complex on S is a bounded complex of equivariant hermitian vector 
bundles on S whose restriction to S g is standard and the metrics on the ho- 
mology sheaves are ^-invariant. Again we shall write an equivariant standard 
complex as (^.,h H ) to emphasize the choice of the metrics on the homology 
sheaves. 

Due to [221 Theorem 5.9], to every equivariant standard complex (£.,h H ) on 
an equivariant projective manifold 5, there is a unique axiomatical way to 
associate an element ch s (£., h H ) in (J) p > A p ' p (S g )/(lmd + Imd) which satisfies 
the differential equation 

dd c ch g (e, h H ) = 1 :'<1:,://,:<T \s 9 )) ^(-l) J ch g (^-). 

3 3 

Let ^ ^ ^ £. — > be a short exact sequence of equivariant standard 
complexes on 5*. Then by restricting to the fixed point submanifold S g , we get a 
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short exact sequence of standard complexes — > |s s — S> £■ |s s — > £■ |s g — > 0. 
Hence we obtain a long exact sequence of homology sheaves of these three 
standard complexes. We shall make a stronger assumption. Suppose that for 
an y j > 0, we have short exact sequence — > Hj(£. \g g ) —> Hj(£. \g g ) — > 
\s g ) ~^ which is denoted by Xj- Moreover, for any j > 0, denote by 
Ej the short exact sequence — > £• — > ^ ■ — » £ • — » 0. 

Lemma 3.12. Lei notations and assumptions be as above. The identity 

ch g (t, h H ) - ch 9 (e, h H ) + ch g (i", h H ) = Y^i-iy^ixi) Y.W^te) 

holds in p > o A?'*(Sg)/(bnB + Imd). 

Proof. On S g , every equivariant standard complex (£., h H ) splits into a series of 
short exact sequences of equivariant hermitian vector bundles in the following 

way 

->• Im -> KeT ->• IT -> 

and 

Kct fT | Ss -> Im 0. 

According to the argument given after (5^1 Remark 5.10], ch g (t;., h H ) is equal 
to the alternating sum of the equivariant Bott-Chern secondary characteristic 
classes of the short exact sequences above. Now since we have supposed that 
Hj(t? \s g )-> Hj(Z \ Sg ) -> Hj(£' \ Sg ) -> are all exact, by using Snake 
lemma, we know that — > Im(£. \g .) — > Im(£. \g ) — > Im(£. \g ) — » and 

— » Ker(£.' |s s ) — » Ker(£. |g s ) — » Ker(£." |g s ) — > are also all exact sequences. 
Then the identity in the statement of this lemma immediately follows from the 
construction of ch g (£., h H ) and the additivity property of the equivariant Bott- 
Chern secondary characteristic classes. □ 

Corollary 3.13. Let -> <^. (m) -> ^. (0) -> be an exact 

sequence of equivariant standard complexes on S such that for every j > 0, 

-> |s 9 ) -> • • • -> |sj ™> ^(e (0) |s 9 ) -> *s exact. Then 

the identity 



fc=0 



/iotas m p > o Af' p (5 9 )/(Im9 + had). 

Proof. We claim that for every 1 < k < m, the kernel of the complex morphism 

' — > £. " 'is still an equivariant standard complex on S. It is clear that we 

only need to prove this for k — 1. Firstly, the kernel of £. 1 — > ^/°' ) is a complex 
of equivariant hermitian vector bundles, let's denote it by K. By restricting to 
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S g and using an argument of long exact sequence, we know that the homology 
sheaves of K \g are all equivariant hermitian vector bundles since for any 

j > the bundle morphism i?j(£7 \g ) — > Hj(£.° \s ) is already surjective. 
Therefore, the assumption of exactness on homologies implies that we can split 

— > fc}"^ £. ^ —} £. < '°' ) —} into a series of short exact sequences 

of equivariant standard complexes, so the identity in the statement of this 
corollary follows from Lemma [3.121 □ 

Remark 3.14. A generalized version of Corollary 13.131 in which the exact 
sequence of (equivariant) standard complexes is replaced by an (equivariant) 
double standard complex was obtained in Xiaonan Ma's Ph.D thesis (cf. [24]) 
where more discussions concerning spectral sequences were involved. Anyway, 
for arithmetical reason, we only need these special versions as in Lemma 13.121 
and Corollary 13. 131 

Now we turn back to our proof of the vanishing theorem. As before, let 
W — W(i) be the deformation to the normal cone associated to an equiv- 
ariant closed immersion of projective manifolds i : Y — > X. For simplicity, 
denote by Pg the projective space bundle F(N Xg /Y g ® ®Y B )- Moreover, given 
an invariant Kahler metric on X, we fix an invariant Kahler metric on W which 
is constructed in Lemma l3.5l In this situation, all normal bundles appearing in 
the construction of the deformation to the normal cone will be endowed with 
the quotient metrics. We recall the following lemma. 

Lemma 3.15. Over W(i g ), there are hermitian metrics on 0{X g ), 0(P g ) and 
0(X g ) such that the isometry 0(X g ) = 0(P g ) <8> 0(X g ) holds and such that 
the restriction of 0(X g ) to X g yields the metric of Nwu )/x > the restriction 
ofO(X g ) to X g yields the metric of N w ,. y^- and the restriction of 0{P g ) to 
Pg induces the metric of Nw(i g )/p° ■ 

Proof. This is [2TJ Lemma 6.15]. □ 

Definition 3.16. Let rj be an equivariant hermitian vector bundle on Y, we 
say that a resolution 

S: 0->f m ^ ►to-* j*p* Y {rj) ^0 

satisfies the condition (T) if 

(i) . the metrics on £. satisfy Bismut assumption (A); 

(ii) . the restriction of E to X is an equivariantly and orthogonally split exact 
sequence; 

(iii) . the restrictions of Sy to W(i g ), X g , P g , X g and Pg D X g are complexes 
with Z-acyclic elements and /-acyclic homologies, here Sy is the complex of 
hermitian vector bundles obtained by omitting the last term j*Py(v) m 2) 
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(iv). the tensor products 3 V \w(i g ) ®0{—X g ), Sy \w(i g ) ®0{—P g ) and 
2v lw(ig) ®0(—Xg) are complexes with /-acyclic elements and Z-acyclic ho- 
mologies. 

From Theorem 13.61 (i) , we already know that there always exists a resolution 
of j*p Y (v) which satisfies the conditions (i) and (ii) in Definition 13.161 Let 3 
be such a resolution, we have the following. 

PROPOSITION 3.17. For n > 0, S(n) satisfies the condition (T). 

Proof. The reason is that W(i g ) 7 X gi P°, X g and P g H X g are all closed sub- 
manifolds of W. □ 

It is well known that both two squares in the following deformation diagram 
Y x {0} Y x P 1 -«— ^ Y x {oo} 

i j icxi 

X x {0} W * H^x/y © iV/oo) 

are Tor-independent. Moreover, according to our choices of the Kahler metrics, 
we may identify Y x {0} with Y, X x {0} with X, Y x {oo} with Y and 
P(N X /y®N p i /oo ) with P = ¥(N x /y @O y ). So if 3 is a resolution of j*p Y (rj) 
on W, then the restriction of 3 to X (resp. P) provides a resolution of ijq 
(resp. ioo*v)- The following theorem is the kernel of the whole proof of the 
vanishing theorem. 

Theorem 3.18. (Deformation theorem) Let 5 be a resolution of j*p Y (ij) on 
W which satisfies the condition (T), then we have 5(3 \x) = 5(5 \p). 

Proof. Consider the following tensor product of Sv \w(i ) with the Koszul 
resolution associated to the immersion X g W(i g ) 

-> 5 V \ W (i g ) ®0{-X g ) -> S v \ W {i e ) ®Ow(i s ) -> 2 V |w(i B ) ®^ 5 ^x s -> 0. 

We have to caution the reader that here the tensor product is not the usual 
tensor product of two complexes, precisely our resulting sequence is a double 
complex and we don't take its total complex. Since we have assumed that 5 
satisfies the condition (T), this tensor product induces a short exact sequence 
of equivariant standard complexes on S by taking direct images. For j > 0, its 
j-th row is the following short exact sequence 

Si : -> R l° gjf {O{-X g ) ® % \ w{ig) ) -> i?°Z°^ \w( ig) ) -> UJ -> 

where Z° is the composition of the inclusion ^ with the morphism L 

Note that the j-th homology of 5 V |w(i 9 ) is equal to jg^F ®P Yg V \y 9 ) \w(i g ) 
where F is the non-zero degree part of the normal bundle associated to the 
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immersion j. Actually j g factors through j g : Y g x P 1 ^ W(i g ), then the 

j-th homology of Sy \w(i g ) can be rewritten as jg^A^F ®PyT) \y b )- Write 
Yg.o '■= Yg x {0} for simplicity. Using the fact that j g *0(— X g ) is isomorphic 
to 0(—Y g o), we deduce from the short exact sequence 

-> j° g ^(6(-Yg, ) ® A^F V ® p^r? | y J -> jJJO^x,! ® A^ ® p^Tj | y J 

that the j-th. homologies of the induced short exact sequence of equivariant 
standard complexes form a short exact sequence 

Xj : -> i?° %j> (^(-F g , ) ® A^F V ® p^r? -> ifug^^f ® p^ |yj 

where w g is the composition of the inclusion Y g x P 1 «-> W(i a ) with the mor- 
phism 

The main idea of this proof is that the equivariant Bott-Chcrn secondary char- 
acteristic class of the quotient term of the induced short exact sequence of 
equivariant standard complexes is nothing but ch ff (Sy \x,h H ) which appears 
in the expression of 5(E \x) and the equivariant secondary characteristic classes 
of Xj j £j c a n be computed by Bismut-Ma's immersion formula. 
Precisely, denote by gx the Euler-Green current associated to X g which was 
constructed by Bismut, Gillet and Soule in 6, Section 3. (£)], it satisfies the dif- 
ferential equation AA c g Xg = 5 Xg -ci(j5{X g )). We write T&QQ for Td(G(X g )), 
O Theorem 3.17] implies that Td _1 (X g )gx g is equal to the singular Bott-Chern 
current of the Koszul resolution associated to X g W(i g ) modulo lmd + lmd. 
Moreover, write £. for the restriction Sy \x- Then for any j > 0, we compute 

ch g {ej) =T g {u x ° ,h^ x s) - T g (Lj w ^\h^ w W) 

+ / ch s (^)Td(T/0)Td _1 (3g)5x s 

*'W r (i 9 )/S 

+ / ch ff fe) J R(iVw( 4s )/xjTd(T^). 

Here, one should note that to simplify the last two terms in the right-hand side 
of Bismut-Ma's immersion formula, we have used an Atiyah-Segal-Singer type 
formula for immersion 

i g ,(Td g - 1 (N)ch g (x))=ch g (i*(x)). 
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This formula is the content of [211 Theorem 6.16]. Similarly, for any j > 0, we 
compute 

ch g (AJ F\p* Y rj I^Td^Td" 1 ^)^ 

YgXP 1 /"? 



+ / ch g (A^F ®rj\ Yg )Td- L (N YgXpl/Yg0 )Td(Tf g ,Tu g \ Ygi0 ) 

JY g /S 



+ / ch 3 (A^F v ® v \ Yg )R(N YgXpl/Yg )Td(Tf g ). 

JY g /S 

Denote by Cl(W(i g )) (resp. Sl(—X g )) the middle (resp. sub) term of the in- 
duced short exact sequence of equi variant standard complexes. According to 
Lemma 13.121 we have 

ch g (H v \x,h H ) - di g (U(W(i g )), h H ) + ch g (n(-X g ), h H ) 

= ^(-l^ch ff (x J ) - ^(-lpch,^-) 

=Y,(-±yT g (Lo Y *,h A3FV ^w g) _ j2(-i) j T g (u Y °* r \h Ai}?v ® p h^) 

+ ^^iy Tg ^Y g xP 1 ^ h O(-Y g , )^F v (Sp' YgV \ Yg ^ 

+ I ^(-lr'ch^A^F^p^rylyjTd^Td- 1 ^)^^ 

+ I E(-l) , "^g(A 3 '^ V ®^|rjTd- 1 (3V reXP i /ypi jMTO,T^| r<i0 ) 
Jy 9 /s ^ 

+ I E(- 1 ) Jch 9 ( AJFV ® V \Y g )R(N YgXpl/Yg a )Td(Tf g ) 

JY g /S 

- / ^(-^^ch^^OTd^Td- 1 ^)^ 

JW(i g )/S 

JXg/S 

- I Y.(- i y ch ^)R(N w{tg)/Xg )Td(Th g ). (1) 
Jx g /s 

Similarly, we consider the tensor products of Sv \ w(i ) with the following three 
Koszul resolutions 

-> 0(-P°) ->■ O w(is) -> ipo Opo -> 0, 
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-> 0(-Xg) ->■ W(ig) ->■ 0. 

and 

-> 0(-X g ) ® 0(-P°) -> O(-X 5 )®O(-P g ) -> 

We shall still denote by (resp. e7) the exact sequences consisting of homolo- 
gies (resp. elements) in the induced exact sequences of equivariant standard 
complexes. 

For the first one, denote by gpo the Euler-Green current associated to P g and 

write for the restriction Sy \p. Moreover, denote by Q(— P°) the sub term 
of the induced short exact sequence of equivariant standard complexes and 
denote by b g the composition of the inclusion P° W(i g ) with the morphism 
1°. According to Lemma [3321 we have 

ch 9 (s v \ P o,h H ) - chg(U(w(i g )), h H ) + ch 9 (n(-p ff ), h H ) 
=^(-i)^ch s (x J .) - 

= (- 1 ) j T 9 (<A h AJ ®" 1 "») - ^ ( - 1 ) j T g (lo y * xpl , h AJJ? V ® p ^" |r «) 
+ ^(-l) J T g (^ xpl ,/ l o( - r '- )0A3i?V ^" 1 ^) 

^(-iy C h g (A^p V ® lyjTd^Td- 1 ^)^^ 

y 9 xpvs 



+ / E(- 1 ) ich ^ AJ> » ^ l^)- R ( JV nxPV^,oo)Td(T/ a ) 

- (- 1 ) J T fl ^ r 1 p ° ) + J2 ( - 1 ) J r 5 ( wW,(ls } ' ^ 1 w {zg ' ) 
- 1 E(- 1 ) Jch g (?r) Td_1 ( F w (ls )/po)Td(r&;,^ipo) 

Jpo/S 

- I J2(- i y ch ^T) R ( N m* 3 )/p°) T d(Tbg) (2) 

where F M is the non-zero degree part of the hermitian normal bundle N x 
associated to z<x>. 
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For the second one, denote by g^ the Euler-Green current associated to X g 

and denote by f2(— X g ) the sub term of the induced short exact sequence of 
equivariant standard complexes. Since the restriction of 5 to the component X 
is equivariantly and orthogonally split, we know that ch s (S , h H ) is equal to 

and the summation cn fl(^j) vanishes on X g . Using again Lemma r3.12[ 

we obtain 

- ch g (Tl(W(i g )), h H ) + ch g (Tl(-X g ), h H ) 
= ^(-iy C h s (x J -) - J^-l^fo) 

+ ^(-l)^ s ( w r » xpl ,^* 0( ^ )8A3 ^^ ,,|y ») 

- / {^(-l) J ch g (A^ V ®^|y g )Td(T^) 

JYgXW 1 /S 

■ ch(jfO(-X g ),0 YgXP r)} 

" / ^(-l^ch.^OTd^Td- 1 ^)^. (3) 

Here the element ch(jg*0(— X g ),Oy sX pi) is the equivariant secondary charac- 
teristic class of the following short exact sequence 

0^0^ jfO(-X g ) -> YgXP i 0. 

We now consider the last one. This is also a Koszul resolution because X g 
and P g intersect transversally. By [6j Theorem 3.20], the Euler-Green current 
associated to X g n P g is the current ci(0{P g ))g^ + 5^- gp°- Then, by using 
the isometry 0(X g ) 0(P%) ®0(X g ) and Corollary we get 

- ch fl (n(w(i s )), + ch g (n(-x g ), h H ) 

+ ch s (n(-p s o ), o - ch s (o(-x s ), o 

= X)(-i) i ^(x J -£(-1)^^) 

= -£(-l)'T> r ' xF \fe A '^®^ ,,l *'«) 

+ ^(_l)iT g ( a; n><P\^ 9 * o (-- ? s )® A3i?v ®P^')l^) 
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^(-l) J ^ g (a; y9><pl ,/l C ' ( " r9 ' o) ® A3FV ® ^ '^ , ' |l ' 9 ) 

/ ^(-l)^ch s (A-'"F V ® p Yg rj |yjTd(T^)ch(e) 

Jy 9 xv i /s 

■^(-i) s T g (u w< -*'\h& w w) 

^(-l) j T g (uj w ^,h (- p >^W) 
.^^iyT g (uj w ^<'\h 0( ~ Xs) ®^ ]w ^^) 

JW(i„)/S 



'W(ig)/S 



ci(0(i*)W +S^g P o}}. 



(4) 



Here the element ch(0) is the equivariant secondary characteristic class of the 
following short exact sequence 

e : o ->■ o(-Y g<0 ) if © o(-y Sl0O ) ->• o y?xpl -► o. 

Since s : Y x {0} — > Y" x P 1 and : Y x {oo} — » Y x P 1 are sections of 
smooth morphism, the normal sequences 

and 



-> T/ 9 -> Tu s |y s ^ N YfXrl/YtiaB -> 

are orthogonally split so that Td(T f g ,Tu g |y g-0 ) and Td(Tf g ,Tu g |y B>oc ) are 
both equal to 0. Moreover, the normal bundles ATy xP i /y and ATy x j»i /y ^ 
are isomorphic to trivial bundles so that R(N Y xr 1 /y ) an< ^ R(Ny xP 1 /y 
are both equal to 0. Furthermore, we may drop all the terms where an integral 
is taken over X g because -*-) Jcn s(^j) vanishes on X s . 
Now, we compute (U - 1© - © + ® which is 

ch s (S v \ x ,h H ) - ch 9 (S v \ P o,h H ) + ^2(-iyT g (w x «,h^>) 

+ ^(-l) i T s (^,/i AiF ~®"l^) 

= / {^(-l) J ch g (A^F V ®p Y rj |y s )Td(T^) • [Td^Y^)^ 

ir„xpi/s 



- Td" 1 ^)^,. + ch(j°*0(-X fl ), Oy gXP x) -ch ff (^)]} 
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- / ]>>l)W^)Td(T/°)Td-^) 5X9 

Jw(i g )/s 

Jx g /s^ 

I ^- i y ch ^)R(N w(lg)/Xg )TA(Th a ) 

JXg/S 
JW(ig)/S 

+ I ^(-l) j ohST)^-\N wiig y P o)Td(TV g ,W g \ P o) 
Jp°/s 

Jp°/s 

+ I £(-l)W?,)Td(^)Td-^).9 F 

Jw(i g )/s 



'W(i s )/S 

Denote by i x (rcsp. i P ) the inclusion from X to W(i) (rcsp. P to We 
may use the Atiyah-Segal-Singer type formula for immersions and the projec- 
tion formula in cohomology to compute 

^ g AT,(- i y ch 9^)R(Nw( Ia) /x g m(Th g )) 

= tXg ^R(N w{ls y x jTd(Th g ) lg ^Td-\N x/Y )ch g ( V ))) 
Hix g oi g ).(R(N w[it y Xg )Td(Th g )Td;\N x/Y )ch g (r,)). 

Note that the restriction of N w u j i x to Y g is trivial so that the last expression 
vanishes. An entirely analogous reasoning implies that 

i Pg sY.(- i y c ^r) R ( N w{i g )/p°m{Tb g ^ = o. 

Thus, we are left with the equality 

ch s (S v |x,0-ch s (Sv \ P o,h H ) + J2(-iyT g (" Xe ,h^) 
- ]T(-1)%( W P S ° , h iTlp S ) - ^(-l)JT a (w Y » , h AipV ^ ) 

+ J2{-l) j T g {uj Y °, h^ F ~®^ ) 
= I {^(-irch 9 (A^p V ® p*y 9 rj \ Yg )Td(TT g ) ■ [Td" 1 ^^ 

JY g x¥ 1 /S 



- Td- L (Y^gY^ + ch(f g 0(-X g ), YgXn ) - ch 9 (9)]} 
- / {^(-lFch^^OTdTO • [Td-\X- g )g Xg Td-^gpo 

JW(i a )/S 
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- TcT 1 ^)^ +Td- 1 (^;)Td- 1 (7f) Cl (O(P ;? ))^]} 
/ ^(-l)^ch g (^)Td-\iV w(l9)/x jTd(T^,Tlo \ Xg ) 

JXg/S 

I ^(-l)^ch g (^)Td- 1 (F lv(lg)/P o)Td(T6;,Tlo | P o). 
Jp°/s 



Using the differential equation which T g (^.) satisfies, we compute 

- / {^(-l) J ch g (^Td(T/o) . [Td" 1 ^)^ - Td-\P0 ) gp0 

JW(i g )/S 

- Td" 1 ^)^ + Td-^^Td- 1 ^ ) Cl (O(P 5 )) 5Fs ]} 
= / {Td(W g )T g (l) ■ [Td^jQ^ - Td-'iPo )S P o 

JW(i n )/S 



Td- 1 ^)^ +Td- 1 (X g )Td- 1 (p0) Cl (O(P"))S r }} 



IW{i g )/S 

- / {Td^ch^p^Td^^^xpO^xpi-lTd- 1 ^)^ 

JW(ig)/S 

- Td-^if^po - Td- 1 ^)^ + Td-^^Td- 1 ^ ) Cl (0(P°)) 55g ]}. 

(5) 

Here we have used the equation 

Td- 1 (^)c 1 (0(X fl ))-Td- 1 (^ ) C1 (0(P°)) Td- l (Y g ) Cl (0(X g )) 

+Td- 1 (Y g )Td- 1 (po ) Cl (0(P°)) Cl (0(X g )) = (6) 

which is EU (23)]. 

Again using the fact that £. is equivariantly and orthogonally split on X, the 
first integral in the right-hand side of §5§ is equal to 



/ Td(TP g )T g (Z.)Td- x (N w(ig)/Xg ) 
Jxjs 



IXJS 

- ( Td(Tlo)r s (e°°)Td- 1 (]V w(lg)/ po). 

Jpo/S 

According to the normal sequence — > Th g — > Tl° g \x g — > Nw{i g )/x g ~ > 0, we 
may write 

Td(TZ°) = Td{Th g )Td(N w{lg)/Xg ) - dd c Td{Th g ,W g \ Xg ). 
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So we get 



Jx g /s 

= [ Td(Th- g )T g (Z) 

Jx g /s 

Jxjs 

+ I E(- 1 ) Jch g^) Td " 1 (^ s )/^)Td(^^kJ- 

Jx„/S 



g/S 

Similarly we have 



/ Td(^)T 3 (e °)Td- 1 (7V wfe)/ po) 

Jpo/S 

I Td(J%)T g (T.°°) 
Jp«/s 

- f Td(^,fIf| P o)^ch 9 (r7)Td; 1 (lV oc )Td- 1 (lV w(l3)/ po) 

+ I E(- 1 ) 3ch g ^r) Td_1 (^(« s )/po)Td(rfo;,7llp«). 

Jpo/S 



Ipo/S- 

Note that the normal sequence of Th g in TZ° (rcsp. Tb g in T7°) is orthog- 
onally split on Y g x {0} (resp. Y g x {oo}), then Td{Th' gi TP g |x g )6y g and 

Td(T6 g , TI® \ P o)SY g are both equal to 0. Combining these computations above 
we get 



/ Td(T^)T 9 (^Td-\i\V (is)/X9 ) 
Jx g /s 

- f Td(fIf)T g (e °)Td- 1 (]V w(js)/ po) 

Jpo/S 

[ Td(J%)T g (T.) 

Jx g /s 

+ 1 E(- 1 ) id ^^) Td " 1 ^(* 9 )/^) fa (^^i^) 

^ Xg/S 

I Td(J%)T g (T.°°) 

Jpo/S 

- / E(- 1 ) Jch g C) Td_1 (^fe)/P 9 °)Td(^"0|p 9 )- 



(7) 
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We now compute the second integral in the right-hand side of ([S]). According 
to the normal sequence 



-> Tu g -t Tl^ |y ffX pi-» A r w(i s )/y 9 xpi -> 0, 

we may write 

Td(fij|) = Td(T^)Td(N w{tg)/YgXP i) - dd c Td(T^ g ,W g \ YgXP i). 

Hence 

- f {Td(W g )ch g (p Y rj)Tdf(N w/YxP i)6 YgXpl ■ [Td" 1 ^)^ 

JW(i B )/S 

- Td-^gpo - Td- 1 (Y g )g rg + Td^^TdT^dfO^g^]} 
= - [ {Td(TS)ch s (^)Td- x (F) • if [Td- 1 ^)^ 

JYgXP 1 /S 

- Td-\P° )g P o - Td" 1 ^)^ + Td-^Td-^if ) Cl {O(P g ))g^]} 
{Td(Tu g ,Tl° l^xpOchg^^Td^^TViy/yxpi) 



'Y g xP 1 /S 

■ [Td^pQ^ - Cl (0(X g ))) - Td- X (if )(5 P o Cl (O(P g ))) 
-Td-'iY^S^-ctiOiX,))) 

+ Td-^^Td" 1 ^ ) C1 (0(P°))(S Z - c x (p{X g ))))}. 

By our choices of the metrics, we have Td~ 1 (N w / YxP i) \y 9<0 = Td~ 1 (A r ), 
TdQQ \ Yg<0 = 1 and Td-^wyyxpi) \ Yg<oe = Td; 1 ^), Td(if) |y B>0Q = 1. 
Furthermore, by replacing all tangent bundles by relative tangent bundles, on 
can carry through the proof given in [2TJ P. 378-379] to show that 



Td(Tu g ,Tl° \ YgXpl ) \ Yg = Td(Tf g ,Th g \ Yg ) 

and 

Td(5X,T|o \ YgXpl ) \ Yg ^= Td(TT g ,TV g \ Yg ). 
So combining with the equation ((6|), we get 

{Td^ch^p^Td^^/yxpO^xp! • [Td-^jQffx, 

W(i g )/S 

- Td-^gpo - Td" 1 ^)^ + Td-^^Td" 1 ^ ) Cl (O(P g )) 5F9 ]} 

- / {Td^ch^^Td^^-jf [Td- 1 pQg Xg 

JYgXP 1 /S 

- Td-^ifWc - Td" 1 ^)^ + Td-^^Td" 1 ^ )ci(0(P°)) flF ]} 
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/ ch g (rj)Td^(N)Td(Tf g ,Th g \ Ye ) 
Jyjs 

I ch g (rj)Tdz\N^)Td(TT 9 ,TF g \ Y g). 

JYJS 



(8) 



At last, using the fact that the intersections in the deformation diagram are 
transversal and the fact that j g {Y g x P 1 ) has no intersection with X g , we can 
compute 

/ {£(-l) J ch g (A^F V ®p Yg Tj |y s )Td(T^) ■ [Td- 1 ^)^ 

JYgXVJS 



- Td- 1 (Y a ^)g Yg ^ + ch(jfO(-X g ), YgXpl ) - ch g (6)]} 
/ {Td^chg^Td^F) • if [Td- 1 ^)^ - Td^if ) 5p , 

JY„xF 1 /S 



lYgXfi/S 

Td-\X)9x, +Td-\X g )Td'\p0)c 1 (O(P^))g^)}. 



(9) 



Gathering ©, Q, JSJ and © wc finally get 

ch s (S v \x,h H )-ch g (S v \ P «,h H ) + Y / (-iyT g (u J x s,h^^) 
- (<" P ° > h ^ T '" s ° ) - E ( - X ) ' T 9 ^ > h A3pV ®^ ) 

= / TdtTV g )T g (l) - f Td(J%)T g (l°°) 

JXJS JP9/S 



IXg/S JP^/S 

I 

'Yg/S 



f chp^TdJ^JNOTdCT/^T^Iy-J 

/ cb g (fj)Td-\N^)Td(TT 9 ,TF g \ Yg ). (10) 



/r 9 /s 

On the other hand, by definition, we have 

6(E \ P ) :=ch g (r°,v) ~ £(-l)%(^ A *^^) 

k 

+ J2(-l) k T g (u P °,h^) 



{ T g {jr°)Td{TV g ) 

JPg/S 



Td(T/ fl )Td; 1 (F)ch ff ( ?7 )i?(iV g ) 
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- / ch 3 (^)Td; 1 (7V 00 )Td(T/ 9 ,T^| Y9 ) 

JYg/S 

where b' : P — > S is the composition of the inclusion P W(i) and the 
morphism I. Note that P g is an open and closed submanifold of P g and £. is 

orthogonally split on the other components since they all belong to X g , then 
we can rewrite (S(S |p) as 

5(E\ P ) =ch s (S v | P o,^)-^(-l) fc r ff ( W y 9 ,^^l^) 

fe 

k 

- f Td(T/ s )Td fl - 1 (F)ch g (7 ? )ii(iV fl ) 

JYgJS 

- j T g (l°°)Td(Tb- g ) 

-f ch g (T])Td-\N x )Td(TT g ,T%\Y g ). 

JYg/S 

Comparing with the definition of 5(S |x), the equality (fT0|) implies that 

6(E \ x ) - 6(E \ P ) = 
which completes the proof of this deformation theorem. □ 

Now we consider the zero section imbedding ioo : Y — > P = P(iV oc ®Oy). Here 
we use the fact that Noo is isomorphic to N x /y, we caution the reader that this 
is not necessarily an isometry since N ^ carries the quotient metric induced by 
the Kahler metric on P but N x /y carries the quotient metric induced by the 
Kahler metric on X. We recall that on P we have a tautological exact sequence 

-> 0(-l) -> TTpiNoo ®O Y )^Q^0. 

The equivariant section a : Op — > TrpiNao © Oy) — > Q induces the following 
Koszul resolution 

-> A rkQ Q v -> ► Q v -> Op -> i^jOy -> 0. 

Since cr is equivariant, the image of 0p 3 under c |p g is contained in Q g . This 
means that a \p induces a Koszul resolution on P g of the following form 

o -> A IkQ «g^ -> • • • -> -> o Pg -> ioo^.cv. -> o. 

Proposition 3.19. Let 7t := 7t(?7, iVoo) fee a hermitian Koszul resolution on P 
defined in Definition \S.S\ Then for n>0, we have 5{K{n)) = 0. 
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Proof. Denote the non-zero degree part of Q \p g by Q±, then we have the 
following isometry 

A J Q V \p g = A*(Q> Ql) - (A*Qg ® A s Ql). 

Consider the following complex of equivariant hermitian vector bundles on P g 

-> A rkQ »Qg ® (A fc Ql ® tt^Tj |y 8 ) -> ► ® (A fe Q^ ® tt^T? | y J 

-> A fc Ql®7r|, 3 ^|y s ^0 

which provides a resolution of « o, 9 ^(A fc F^ (g> 77 |y ) where Foo, as before, is 
the non-zero degree part of the normal bundle associated to ioo. We 
denote this resolution by ~R^ k \ then according to the arguments given before 
this proposition we have a decomposition of complexes Tty |p s — ©fc>o 
where K&[— k] is obtained from Tty by shifting degree. Replacing k by 7t(n) 
for big enough n, we may assume that all elements in k and kY^ are acyclic. 
Therefore, by Bisumt-Ma's immersion formula we have the following equality 

rkQ g 
i=0 



ch g (A k F^ ® r? |y 9 )i?(iV 00 , s )Td(T/ 9 ) 
Td(T^)T 9 («( fe )) 

P 9 /S 

+ / ch g (A k Fl,^f]\ Y jTd-\N Xig )fd(W g ,TF g \Y g ). 

JYg/S 

It is easily seen from the decomposition Tty |p 9 = ©/c>o ^v"* I - ^1 that the sec " 
ondary characteristic class ch g (7t) appearing in the definition of 8 (7c) is exactly 
l) fe ch g (6^7c( fc '). So taking the alternating sum of both two sides of the 
equality above and using the fact that equivariant analytic torsion form is ad- 
ditive for direct sum of acyclic bundles, we know that to prove S(k) = 0, wc 
are left to show that XX-l)*T ff (7c< fc )) is equal to T g (K). In fact, by using [2il 
Lemma 3.15], we have modulo Im<9 + Im<9 



]T(-l) fc T 5 (7^) = ]>>l) fe ch g (A fc QJch 5 (7r^ \ Yg )T g (A-Q 
= Td- 1 (Q ± )ch 9 ( 7 rt 77 |y s )T 9 (7vQ7) 



= Td/^ch^Ty \ Yg )T g (A-Q^ g )Td(Q g ) 
= ch g (7r* Pg rj\ Yg )T g (AW) 
= T 9 (k). 

So we are done. □ 
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It's now ready to finish the proof of the vanishing theorem for equivariant closed 
immersions. Let rj be an equivariant hermitian vector bundle on Y, assume that 

¥ : l m ->■ ► £ a -> Jo -> i*7? -> 

is a resolution of by equivariant hermitian vector bundles on X which 
satisfies Bismut assumption (A). We need to prove that for n>0, 5(^(n)) = 0. 

Proof, (of Theorem 13. 1|) We first construct a resolution of pyTj on W(i) as 

E: 0->£ m -> >%->I ->3*pY(Ji)->0 

which satisfies the condition (i) and (ii) in Definition 13. 161 Then the restriction 
of S to X (resp. P) provides a resolution of i*rj (resp. ioo*v)- Over X, we can 
find a third resolution $ of i*rj which dominates W and S \x- Namely we get 
short exact sequences of exact sequences 

-> Ker(n) -> ¥(n) -> -> 

and 

-> Kcr (n) -> <5(n) -> H(n) 0. 

Then after omitting i t fj their restrictions to X g become two exact sequences 
of complexes. Since n»0 we may assume that all elements and homologies 
in the induced double complexes are acyclic, so that by taking direct images 
we get two exact sequences of equivariant standard complexes on S. These 
two short exact sequences of equivariant standard complexes clearly satisfy 
the assumptions in Lemma [3.121 Therefore, using Lemma [3.1 2\ Bismut-Ma's 
immersion formula and the double complex formula of equivariant Bott-Chern 
singular currents (cf. Theorem I2.18[> . we obtain that 

ch g (¥(n)) - ch g (¥(n)) + ch g (Ker(n)) 
= I [T ff (*(n) v ) - T ff (¥(n) v ) + T ff (KE(n) v )] ■ Td(T%) 

JXg/S 

which implies that 

5(¥(n)) = 5($(n)) + <5(Ker(ri)). 

By applying Bismut-Ma's immersion formula to the case where the immersion 
is the identity map and rj is equal to the zero bundle, we get <5(Ker(n)) = so 
that <5($(n)) = 6($(ri)). Similarly, we have = S(S(n) \x) and hence 

5(^(n)) = 5(E(n) An entirely analogous reasoning implies that <5(7«(n)) = 
5(S(n) |p). Then the vanishing of 6($>(n)) follows from Theorem 13.181 and 
Proposition EUS □ 



38 



Shun Tang 



4 Equivariant arithmetic Grothendieck groups with fixed wave 
front sets 

By an arithmetic ring D we understand a regular, excellent, Noetlierian integral 
ring, together with a finite set S of embeddings D <^-> C, which is invariant 
under a conjugate-linear involution i 7 ^ (cf. 15, Def. 3.1.1]). Denote by \i n 
the diagonalisable group scheme over D associated to Z/nZ. A /i„-equivariant 
arithmetic scheme over D is a Noetherian scheme of finite type, endowed with 
a //^-projective action over D (cf. [211 Section 2]). Let X be a /x„-equivariant 
arithmetic scheme whose generic fibre is smooth, then X(C), the set of complex 
points of the variety U^g^ ^ XjjC, is a disjoint union of projective manifolds. 
This manifold admits an action of the group of complex n-th roots of unity 
and an anti-holomorphic involution induced by i 7 ^ which is still denoted by 
Fqo. It was shown in [31] Prop. 3.1] that if X is regular, then the fixed point 
subscheme X^ n is also regular. Fix a primitive n-th root of unity £„ and 
denote its corresponding holomorphic automorphism on X(C) by g, by GAGA 
principle we have a natural isomorphism X^ n (C) = X(C) g . 

Definition 4.1. An equivariant hermitian sheaf (resp. vector bundle) E on X 
is a coherent sheaf (resp. vector bundle) E on X, assumed locally free on X(C), 
endowed with a /z n -action which lifts the action of \i n on X and a hermitian 
metric h on the associated bundle Ec, which is invariant under i 7 !^ and g. 

Remark 4.2. Let E be an equivariant hermitian sheaf (resp. vector bundle) 
on X, the restriction of E to the fixed point subscheme X^ n has a natural 
Z/nZ-grading structure E \x„ n = ®kez/ n zE k . We shall often write E^ n for 
£0. It is clear that the associated bundle of E^ n over X(C) is exactly equal to 
E g . 

Over a complex manifold M, we may consider the current space which is the 
continuous dual of the space of smooth complex valued differential forms (cf. 
[2"T1 Chapter IX]). The wave front set WF(w) of a current ui over M is a closed 
conical subset of the cotangent bundle T^Mq := Xj^M\{0}. This conical subset 
measures the singularities of w, actually the projection of WF(w) in M is equal 
to the singular locus of the support of w. It also allows us to define certain 
products and pull-backs of currents. We refer to [TH Chapter VIII] for the 
definition and various properties of wave front set. 

Now let X be a /i„-equivariant arithmetic scheme with smooth generic fibre 
and let S be a conical subset of T^X{C) gfi , denote by DP^{X{C) gi S) the set 
of currents u of type (p,p) on X(C) g which satisfy F^ui = (— 1) p uj and whose 
wave front sets are contained in S, we shall write U (A Mn , S) for the current 
class 

U(X(C) g ,S) := 0(^(A(C) g ,S)/(W + Imd)). 

p>0 

Let E be an equivariant hermitian sheaf or vector bundle on X. Following 
the same notations and definitions as in [2ll Section 3], we write ch g (E) for 
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the equivariant Chern character form ch g ((£'c, h)) associated to the hermitian 
holomorphic vector bundle (Ec, h) on X(C). Similarly, we have the equivariant 
Todd form Td g (E). Furthermore, let e : -» e' -> E -> e" -> be an 
exact sequence of equivariant hermitian sheaves or vector bundles on X, we 
can associate to it an equivariant Bott-Chern secondary characteristic class 
ch g (e) 6 U{Xa n , 0) which satisfies the differential equation 

dd c ch g (e) = chg(E') - ch g (E) + ch g (E"). 

Definition 4.3. Let X be a fi n -equivariant arithmetic scheme with smooth 
generic fibre and let S be a conical subset of T^X(C) g fi, we define the equiv- 
ariant arithmetic Grothendieck group Gq(X, /j, n , S) (resp. Kq(X, /i„, S)) with 
respect to X and S as the free abelian group generated by the elements of 
U {X^ , S) and by the equivariant isometry classes of equivariant hermitian 
sheaves (resp. vector bundles) on X, together with the relations 

(i) . for every exact sequence e as above, ch g (e) = E — E + E ; 

(ii) . if a € U(Xu n) S) is the sum of two elements a' and a" in U(Xn n , S), then 
the equality a = a' + a" holds in Gq(X, /x ra , S) (resp. Kq(X, /i n , S)). 

Remark 4.4. (i). When S' C S, [301 Theorem 3.9 (ii)] implies that the natural 
map from U(X tin , S 1 ) to U{X lln , S) is injective. So the first generating relation 
in Definition 14.31 does make sense. 

(ii) . When X is regular, one can carry out the proof of [2TJ Proposition 4.2] 
to show that the natural morphism from Kq(X, fi n , S) to Gq(X, /i n , S) is an 
isomorphism. 

(iii) . The definition of the equivariant arithmetic Grothendieck group implies 
that there are exact sequences 

U(X^ , S) — !U- Go{X, /i„, S) G (X, /i„) ^ 

and 

U{X^ , S) K {X, fi n , S) K (X, M „) > 

where a is the natural map which sends a £ U{X^ n , S) to the class of a in 
Gq(X, fj, n , S) (resp. K (X, fi n , S)) and n is the forgetful map. Here the group 
Gq(X, fj, n ) is the Grothendieck group of /z ra -equivariant coherent sheaves which 
are locally free on X(C), by a theorem of Quillen (cf. [551 Thm. 3 Cor. 1]) we 
know that it is isomorphic to the ordinary Grothendieck group of ^„-equivariant 
coherent sheaves. 

In Section 3], we have introduced the ring structure of Kq(X, fj, n , 0). Since 
we may have a well-defined product of two currents if their wave front sets have 
no intersection, and the wave front set is invariant under the operation of mul- 
tiplying a smooth current, we know that the Grothendieck group K (X, fx n , S) 
has a Kq(X, \i n , 0)-module structure. The same thing goes to Gq(X, fi n , S). 
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Furthermore, let / be the /z„-equivariant hermitian D-module whose term of 
degree 1 is D endowed with the trivial metric and whose other terms are 0. 
Then we may make Kq(D, /x„, 0) an i?(/i n )-algebra under the ring morphism 
which sends T to I. By doing pull-backs, we may endow every arithmetic 
Grothendieck group we defined before with an i?(/i„)-module structure. Notice 
finally that there is a well-defined map from Gq(X, /i n ,0) (resp. K (X, /i n , 0)) 
to the space of complex closed differential forms, which is defined by the for- 
mula ch g (E + a) := ch g (E) + dd c a where E is an equivariant hermitian sheaf 
(resp. vector bundle) and a G U{X lln ,%). 

Now we investigate the wave front set of a current after doing push- for ward. 
Let / be a holomorphic map of compact complex manifolds, we may define a 
push-forward /* on current space which is the dual map of the pull-back of 
smooth forms. When / is smooth, the push-forward /* extends the integration 
of smooth forms over the fibre. Assume that we are given a smooth morphism 
/ : U — > V of compact complex manifolds, then /* induces a current K over 
the product space V x U defined as 

K(a®/3) = (f*p)(a) 

where a and /3 are smooth forms over V and U respectively. Define 

M = {(v,u) eVxU\ f(u) = v] 

which is a submanifold in V x U . From the fact that /*/? is just the integration 
of smooth forms over the fibre, it is easily seen that the current K E D*(V x U) 
is exactly the object dSW in [TH Theorem 8.1.5]. Then by that theorem, the 
wave front set of K is equal to 

WF{K) = {(«,u, £,-/*(£)) G T£V x T^U \ f(u) = v,^ 0}. 

Let S be a conical subset of T^Uo, we fix some notations as follows. 

WF(Jf)y ={(v,Z)eT£V | 3ue U,(v,u,£,0) G WF(X)} 
WF'(K)u ={(u,t]) G T*U Q \3v€V, [v,u,0,-t]) G WF{K)} 
WF'(K) V o S ={(v,0 G t;v I 3(u, v ) G S, («,u, £,-»?) G WF(K)}. 

Theorem 4.5. Let notations and assumptions be as above. Assume that uj is a 
current over U whose wave front set is contained in S with SO WF (K)u = 0. 
then the wave front set of f*tu is contained in 

S' := WF{K) V U WF'(K) o S. 

Proof. This follows from [H Theorem 8.2.12 and 8.2.13]. □ 

Remark 4.6. (i) In our situation, the condition S (1 WF'(K )jj — is always 
satisfied because by definition we have WF' {K)u = 0- 

(ii). In our situation, S' is always equal to WF'{K) o S because WF(K)v = 0- 
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(iii) . If S is the empty set, then S' is also empty. This is compatible with the 
push-forward of smooth forms. 

(iv) . Assume that the restriction of / to a closed submanifold W is also smooth. 
Denote by Njj/ w the normal bundle of W in U. If S = N^ WR \ {0}, then 
S' = 0. 

We now turn to the arithmetic case. Let A, Y be two /Lt n -equivariant arithmetic 
schemes with smooth generic fibres, and let / : A — > Y be an equivariant 
morphism over D which is smooth on the complex numbers. Fix a /i n (C)- 
invariant Kahler metric on A(C) so that we get a Kahler fibration with respect 
to the holomorphic submersion /c : X(C) — > Y(C). Let E be an /-acyclic 
/x ra -equivariant hermitian sheaf on X, we know that the direct image f*E is 
locally free on Y(C) and it can be endowed with a natural equivariant structure 
and the L -metric. Let G (X,^ ni S) be the group generated by /-acyclic 
equivariant hermitian sheaves on X and the elements of U (J„ n , S) , with the 
same relations as in Definition 14.31 A theorem of Quillen (cf. [551 Cor. 3 P. 
Ill]) for the algebraic analogs of these groups implies that the natural map 

ac 

Go (X,fi n ,S) — > Go (A, fj, n , S) is an isomorphism. So the following definition 
does make sense. 

Definition 4.7^Let notations and assumptions be as above. The push-forward 
morphism /» : Go (A, (J, n ,S) — > Gq(Y, fj, n , S') is defined in the following way. 

(i) . For every /-acyclic /z„-equivariant hermitian sheaf E on X, f*E = 
(f*EJ*h E )-T g (u x ,h E ). 

(ii) . For every element a £ W(X Mn ,S r ), f*a = J x /Y Td s (T/, h Tf )a <E 

Remark 4.8. If Y is regular, by Remark \%~%\ (ii) we know that K (Y,fi n , S') 
is naturally isomorphic to Gq(Y, fi n , S') so that (f*E, f*h E ) admits a finite 
equivariant hermitian resolution; if the morphism / is flat and Y is reduced, 
then (f*E, f*h E ) is locally free when E is so. Therefore in both two cases above, 
one can also define a reasonable push- forward morphism /» : Kq(X, fi n , S) 
Ko(Y,(i n ,S'). 

Theorem 4.9. The push-forward morphism /* is a well-defined group homo- 
morphism. 

Proof. The argument is the same as in the proof of [5^1 Theorem 6.2]. □ 

Lemma 4.10. (Projection formula) For any elements y £ Kq(Y, /x„,0) and 
x € Go (A, ji n , S), the identity f*(f*y ■ x) — y ■ f*x holds in Gq{Y, jj, n ,S'). 

Proof. Assume that y — E is an equivariant hermitian vector bundle and x = F 
is an /-acyclic equivariant hermitian sheaf, then f*y ■ x = f*E <g) F. By 
projection formula for direct images and the definition of L 2 -metric, we know 
that f*{f*E <E> F) is isometric to E <g) f*F. Moreover, concerning the analytic 
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torsion form, we have T g (u; x , E ® F ) = ch g (E)T g (uj x ,h F ). So the projection 
formula f*{f*y ■ x) = y ■ f*x holds in this case. 

Assume that y = E is an equivariant hermitian vector bundle and x = a is 
represented by some singular current. We write /* and f 9jt for the pull-back 
and push-forward of currents respectively, then 

f*(fy • x) =Uf* g ch g (E)a) = f g ^r g ch g (E)aTd g (Tf)) 
=ch g (E)f gif (aTd g (Tf)) 
=ch g (E) f aTd g (Tf) = y-Ux. 

JX g /Y g 

Here we have used an extension of projection formula of smooth forms p* (p*ai A 
012) = oi\ Ap*a2 (cf. [TH Prop. IX p. 303]) to the case where the second variable 
0:2 is replaced by a singular current. The fact that this extension is valid follows 
from the definition of and the definition of the product of smooth form and 
singular current. 

Assume that y = (3 is represented by some smooth form and x = E is an 
/-acyclic hermitian sheaf, then 

Mfy ■ x) =/*(/;(/?)ch fl (F)) = / 9st (/;(/3)ch s (F)Td s (T7)) 

=/3/ 9t (ch fl (£)Td fl (T7)) 

=P [ ch g (E)Td g (Tf ) = P(ch g (UF) - dd c T g (u; x , h F )) 

JXg/Yg 

which is exactly y ■ f*x. 

Finally, assume that y = f3 is represented by some smooth form and x = a is 
represented by some singular current, then 

f*(f*V ■ x) =/*(/; (/3)dd c a) = f g Sr g W)dd c aTd g (Tf)) 
=Pdd c f g JaTd g (Tf)) 

which is also equal to y ■ f*x. 

Since and /* are both group homomorphisms, we may conclude the projec- 
tion formula by linear extension. □ 

Remark 4.11. Lemma 14.101 implies that is a homomorphism of iZ(/i„)- 
modules, and hence it induces a push-forward morphism after taking localiza- 
tion. 

To end this section, we recall an important lemma which will be used frequently 
in our later arguments. 

Lemma 4.12. ([21, Lemma 4-5]) Let X be a regular n n - equivariant arithmetic 
scheme and let E be an equivariant hermitian vector bundle on such that 
E^ n = 0. Then the element \-\(E) is invertible in Kq^X^ , [i ni S) p . 
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5 Arithmetic concentration theorem 

In this section, we shall prove the arithmetic concentration theorem which 
is an analog of Thomason's result in Arakelov geometry. Let X be a /Lt n - 
equivariant arithmetic scheme with smooth generic fibre, we consider a special 
closed immersion i : X^ n <—} X where X^ n is the fixed point subscheme of 
X. We shall first construct a well-defined group homomorphism i» between 
equivariant arithmetic Go-groups as in the algebraic case. To construct i*, 
some analytic datum, which is the equivariant Bott-Chern singular current, 
should be involved. Precisely speaking, let rj be a /x„-equivariant hermitian 
sheaf on X^ n and let £. be a bounded complex of /i ra -equivariant hermitian 
sheaves which provides a resolution of i*rj on X. Such a resolution always 
exists since the generic fibre of X is supposed to be smooth. Then we may 
have an equivariant Bott-Chern singular current T g (£.) G U(X tln ). Note that 
on the complex numbers the 0-degree part of the normal bundle N := Nx/x 
vanishes (cf. [211 Prop. 2.12]) so that the wave front set of T g (£.) is the empty 
set. This fact means that the following definition does make sense. 

Definition 5.1. Let notations and assumptions be as above. The embedding 
morphism 

: G (X Mn ,// n ,5) -> Go(X,n n ,S) 
is defined in the following way. 

(i) . For every /i n -equivariant hermitian sheaf rj on X^, suppose that £. is a 
resolution of i*rj on X whose metrics satisfy Bismut assumption (A), i*\fj] — 

(ii) . For every a e W(X M „, S), i*a = aTd'^iV). 

Theorem 5.2. The embedding morphism i* is a well-defined group homomor- 
phism. 

Proof. The argument is the same as in the proof of [29j Theorem 5.2]. □ 

Lemma 5.3. (Projection formula) For any elements x € Kq(X, fi n , 0) and y € 
Go(Xfj, n , jj, n , S), the identity i*(i*x ■ y) — x ■ i*y holds in Gq(X, /i„, S). 

Proof. Assume that x = E is an equivariant hermitian vector bundle and y = F 
is an equivariant hermitian sheaf. Let £. be a resolution of i*F on X , then E(g>£. 
provides a resolution of i*{i* E ® F). By definition we have 

i*(i*x ■ y) = ^(-l) fe [4 ® E] + ch g (E)T g (l) 

which is exactly x ■ i*y. Assume that x = a is represented by some smooth 
form and y — F is an equivariant hermitian sheaf. Again let £. be a resolution 
of i*F on X, then 

i*(i*x ■ y) = aTd- g \N x/Xg )c}, g {F) = a[dd c T g (l) + £(-l) fc ch s (4)] 
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which is exactly x ■ z*y. Now assume that x = E is an equivariant hermitian 
vector bundle and y — a is represented by some singular current, then 

U{i*x ■ y) = i,(ch g (E)a) = c\i g (E)aT&- l (N X/Xg ) 

which is exactly x ■ i*y. Finally, if x is represented by some smooth form and y 
is represented by some singular current then their product is well-defined and 
i*(i*x ■ y) is obviously equal to x ■ i*y. Note that i* and i* are group homo- 
morphisms, so we may conclude the projection formula from its correctness on 
generators. This completes the proof. □ 



Remark 5.4. Lemma T5.3I implies that «* is even a homomorphism of i?(/i„)- 
modules so that it induces a homomorphism between arithmetic Go-groups 
after taking localization. 

With Remark 15. 4[ we may formulate the arithmetic concentration theorem as 
follows. 

Theorem 5.5. The embedding morphism i* : Kq^X^ , fi n , S) p — > 
Kq(X, fx ni S) p is an isomorphism if X is regular. In this case, the in- 
verse morphism of i* is given by Klx(N x i X ) ■ i* where Nx/x^ n is the 
normal bundle of i{X Pn ) in X. 

Before we give the proof of this concentration theorem, we recall a crucial 
lemma as follows. 

Lemma 5.6. Letrj be an equivariant hermitian vector bundle on X Pn . Assume 
that £. is an equivariant hermitian resolution ofi*r] on X whose metrics satisfy 
Bismut assumption (A). Then the equality 

j 

holds in the group Ko(X Pn , fi n , S). 

Proof. This is 29, Lemma 5.13]. □ 



Proof, (of Theorem I5.5[) Denote by U the complement of X Pn in X, then j : 
U X is a ^„-equivariant open subscheme of X whose fixed point set is 
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empty. We consider the following double complex 



U{X^ , S) p U(X Uri , S) p 3 > U{U^ 



K (X^ n , fl n , S) p K (X, fl n , S) p >" Kq(U, fl n , 0) p >" 



K (Xp n ,fl n )p *■ Ko{X,fl n )p 



K (U,fl r . 



whose first and second columns are both exact sequences according to Re- 
mark 14.41 (hi). For the third column, K (U,fi n )p is equal to by [3l] 
(2.1.3)], U(Up 7l ,$) p is also equal to since U Un is empty. Then from Re- 
mark S3] (hi) we know that Kq(JJ, fi n , %) p is equal to 0. We claim that 
i* : Ko(X Un , fi n , S) p — »• Kq(X, fi n , S) p is surjective. Indeed, for any element 
x G Kq(X, fi n , S) p we may find an element y € Ko(Xp n , fi n , S) p such that 
i*ir(y) — n(x) because the third line is exact. This means x — i*(y) is in the 
kernel of n, so there exists an element a € U(Xp n , S) p such that a — x — i*(y) 
in Kq(X, fi n , S) p . Set f3 = aTd g (N), we get i*(y + f3) = i*(y) + a — x in 
Ko(X, fi n , S) p . Hence, i* is surjective. 

We now prove that the embedding morphism i* : Ko(X Un , fi n , S) p — > 
Kq(X, fi n , S) p is really an isomorphism by constructing its inverse morphism. 
Let u be an element in U(X Un , S), by definition we have 

\Zl(N V x/x J-i*u(u) =\zi(N x/Xlt J-cjTd- 1 (N x/Xg ) 
=ch g (\zl (N x/Xg ) ) wTd; 1 (N x/Xg ) 

=LU. 

Let rj be an equivariant hermitian vector bundle on X Un and assume that £. is 
an equivariant hermitian resolution of i*Tf on X whose metrics satisfy Bismut 
assumption (A), then by the definition of the embedding morphism i» and 
Lemma 15.61 we have 

>C\<Fx,xJ-i m i.m =>Cl(ffx,xJ- **(£(-l) fc £ fe + T 9 (e)) = rj. 

k 

So the inverse morphism of is of the form Xz\{N x i x ) ■ i* and we are 
done. □ 
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6 A Lefschetz fixed point formula for singular arithmetic 
schemes with smooth generic fibres 

6.1 The statement 

We formulate in this subsection the statement of our main theorem, a singular 
Lefschetz fixed point formula for equivariant arithmetic schemes with smooth 
generic fibres. Its proof will be given in next two subsections. Let / : X — > Y 
be a /z„-equivariant morphism between two arithmetic schemes with smooth 
generic fibres, which is smooth on the complex numbers. This morphism / 
is automatically projective and hence proper, according to the definition of 
equivariant arithmetic scheme. Suppose that / factors through some regular 
equivariant arithmetic scheme Z. More precisely, our assumption is that there 
exist an equivariant closed immersion i : X <—t Z and an equivariant morphism 
h : Z — > Y such that f = ho i and h is also smooth on the complex numbers. 
Moreover, we shall assume that the /x„-action on Y is trivial. 
Let r) be an equivariant coherent sheaf on X, then there exists a bounded 
complex of equivariant vector bundles which provides a resolution of i*ry on 
Z because Z is regular. Since any two equivariant resolution of i*r) can be 
dominated by a third one, the symbol Toi Oz„ ) does make sense. 
We choose arbitrary /i„-invariant Kahler forms uj z and uj x on Z(C) and X(C) 
respectively, the Kahler form u x is not necessarily the Kahler form induced by 
oj z . The Kahler form on X(C) induced by uj z will be denoted by ui x . Denote 
by N the normal bundle of ic(X(C)) in Z(C), we endow it with the quotient 
metric provided that TX(C) carries the Kahler metric corresponding to uj x . 
Let F be the non-zero degree part of N, then by [321 Exp. VII, Lem. 2.4 and 
Prop. 2.5] for any equivariant hermitian sheaf rj on X there exists a canonical 
isomorphism on X g 

Tor k 0z (i*ri,Oz„J C = /\ k F v ® Vc \ Xg 

which is equivariant. This means we may endow TorQ z (i*r), Oz „ )c with a 
hermitian metric induced by the metrics on F and rj so that it becomes an 
equivariant hermitian sheaf on X^ n . Moreover, we know that the hermitian 
vector bundle F fits the following exact sequence 

(F,uj X ) : -> N x/Xg -> N z/Zg -> F -> 

where Nz/z g admits the quotient metric associated to lu z and Nx/x g admits 
the quotient metric associated to uj . Similarly, we shall denote by (F, oj x ) 
the hermitian exact sequence F whose metric on N x /x 1S induced by lu x . 
The push- forward homomorphism from the arithmetic Go-group Gq(X, /i„,0) 
to Gq(Y, /i„,0) with respect to the Kahler form lu x is denoted by /* as usual. 
The push- forward homomorphism from Go(X /ln , fj, n , 0) to Gq(Y, fi n , 0) with re- 
spect to the Kahler form uj x will be denoted by f z ^ . 
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Write Td(Tf g ,uj x ,uJ x ) for the secondary characteristic class of the exact se- 
quence 

(Tf g ,uj x ) {Tf g ,u z x ) 

where the middle term carries the metric induced by oj x and the sub term 
carries the metric induced by uj . Then the singular Lefschetz fixed point 
formula for equivariant arithmetic schemes with smooth generic fibres can be 
formulated as follows. 

Theorem 6.1. Let notations and assumptions be as above. Then for any equiv- 
ariant hermitian sheaf rj on X, the equality 

k 

+ f Td(T/ g! ^)ch g (ry)Td g (J^ x )Td g - 1 (^) 
- [ Td g (Tf) C h g ( V )R g (N x/Xg ) 

JXg/Y 

+ [ Td(Tf g ,u; x ,u; x )ch g (rj)Td g (N z/Zg )Td-\F) 

JXg/Y 

holds in the group Gq(Y, fj, n , 0) p . 

Remark 6.2. This arithmetic Lefschetz fixed point formula was inspired by 
[31 Theoreme 3.5]. 

6.2 Equivariant arithmetic Go-theoretic vanishing theorem 

The central actor in the proof of Theorem l6.1l is the following vanishing theorem 
in equivariant arithmetic Go-theory, which can be viewed as a translation of 
Theorem EHJ 

Theorem 6.3. Let notations and assumptions be as in last subsection. Let rj 
be an equivariant hermitian sheaf on X , and let 

* : ->• l m > f ! Co -> i*V -> 

be a resolution of i^rj by equivariant hermitian vector bundles on Z. De- 
note by the push-forward homomorphism from K^{Z^ n , fi n , N^ R \ {0}) 

to Go(y,^n,0) with respect to the Kahler form uj z . Then the formula 
= [ T g (t)Td(J%)+ [ Td(T/ s )Td; 1 (F)ch s (r 7 )i2(JV fl ) 

JZg/Y JX g /Y 

+ [ ch 9 (7y)Td; 1 (lv)Td((r/ s , w |),r^U 3 ) 

JXg/Y 
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holds in Go(Y, /i n ,0). 

Proof. Following the same arguments given in the proof of Lemma l3.9l we may 
show that the deformation to the normal cone W(i) admits an equivariant 
hermitian very ample invertible sheaf C which is relative to the morphism 
I : W(i) —> Y. By Theorem 13.11 and the fact that C is very ample, we conclude 
that there exists an integer ko > such that for n > ko, C® n is Z-acyclic 
and S(^(n)c) = 0. Then I factors through an equivariant projective space 
bundle P(£ v ) where £ is locally free of rank r + 1 on Y and l*£® k ° is an 
equivariant quotient of £. Denote by p : P(£ v ) — > Y the canonical projection. 
On P := ¥(£ v ), we have a canonical exact sequence 



Restricting this sequence to Z, we obtain an exact sequence of exact sequences 



Endow £ with any // n (C)-invariant hermitian metric. We claim that the as- 
sumption that Theorem 16 . 31 holds for ~$>®h*{f\ n £ )(n) with n > 1 implies that 
it holds for ^. In fact, since T-L is an exact sequence of flat modules, for any 
k > we have the following exact sequence on 



-> Tor^ z (uff, O z ^ ) ~>Tov k 0z (i*rj, O z . n ) <8 fa (£ V )(1) -> ■ ■ ■ 

-^Tor* z (m,^„ ) ® fa (A r+1 f V )(r + 1)^0. 



H: -> Op -> p*(£ v )(l) -> ► p*(A r+1 £ v )(r + 1) -+ 0. 



-> * -> * « h*(£ v )(l) -> ► * ® fr*(A r+1 £ v )(r + 1) -> 0. 



We compute 



/^ Tot o z (^<^J) 



r+l 




and 



77? 



m r+l 



E(- 1 ) fc V 1 *(-E(- 1 )^ l**n ®^„(A^ V )(j)) 




m 
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Moreover, we have 



/ Td(Tf g )ch g (Tov k 0z (n V ,0 Ztln ))R(N g ) 

JxJY 

r+1 

: / -^(-lrch^Tor^^^O^J^^jA^^OOWiV^TdCT/,) 



and 



/ T g (C)Td(Th g ) 

JzJY 

I Td(^){ ( 5x 3 Td s - 1 (]V)ch s (r;)(-l)''+ 1 cn g (^) 

JZa/Y 



r+1 



~ J2(-^ 9 (U(-i) r+1 ch g (n) J2(-iyT g (t.)ch g (h; n (Ai£ )(m 

k=0 j=l 

by the double complex formula of equivariant Bott-Chern singular currents. At 
last, we also have 



f <bg(rj)Td;\N)Td((Tf g ,ujZ),Th g \ Xg ) 

JxJY 

r+1 

: / {dd c (-l) r+1 cn s (W)ch s (r?) - £(-1)^(77 ® r(A^ V )(j))} 



Td; 1 (7V)Td((T/ s ,a;I),T/ is |x g ) 



/ (-ir +1 ch 9 (H)ch g (rj) • {Td-\N)Td(Th g 
Jxjy 



ix g /Y^[ 



- Td(T/ s ,o;f )Td s " 1 (F)} 

r+1 



(-l)^ch s (r?®r(A^ )(j))Td7 1 (7V)Td((T/ s , W f),r/, g |* g ). 



Gathering all these computations above and using our assumption, we get 

/^,(E(- 1 )' £TOT ^(^^j)-^^(E(- 1 ) fe ^ 10 

-/ T g {Z)Td{Th g )- f Td{Tf g )Td- l {F)c\iMR(N g ) 

JZJY JXJY 



- f C h g {rj)Td-\N)Td{{Tf g ,uj z x ),Th g \ Xg ) 
Jxjy 

= I Td{Tf g ^)Td-\F)ch g m-^) r+1 ^M) 
Jxjy 
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m » 

]T(-l) fc / Td(T^)ch g (? fc )(-l) r+1 ch 5 (W) 



m „ 

+ £(-1)* / Td(T^)ch ff (? fc )(-ir +1 ^(^ 
fc=o Jz g /Y 

JXJY 



Td(T/ g , w^)Td~ 1 (F)} 



which vanishes. This ends the proof of our claim. 

By the construction of the projective space bundle P, we have already known 
that S(^f(n)c) vanishes from n = 1 to n = r + 1. Moreover, according to the 
projection formula of higher direct images, the operation of tensoring with the 
element l*(A n £ ) doesn't change the property of Z-acyclicity. Hence we also 
have ® h*{h n £ )(ft)c) = 0. By the generating relations and the definition 
of push-forward morphisms of arithmetic Go-groups, this is equivalent to say 
that Theorem 16.31 holds for W <Ei h*(A n £ )(n). Therefore the equality in the 
statement of this theorem follows from our claim before. □ 

Corollary 6.4. Let notations and assumptions be as in Theorem \6.SX and let 
x be any element in Kq(Z, /i n ,0) p . Then the formula 

C^* x i*m» ■£(- 1 )* T ^,(^0) 

- W*k» •£(-!)*& kJ) 

= / T g (l)Td(Th- g )ch g (x) 

JZJY 



[ Td(Tf g )Td-\F)ch g ( V )R(N g )ch g (i*x) 

JXJY 



c\{lj)Td-\N)c\i g {i*x)Td{{Jj g ^ x ),Th g \ Xg ) 

Xg/Y 



holds in Go(Y, fi n , 0) p . 

Proof. If x = E is an equi variant hermitian vector bundle on Z 7 then <g> E 
provides a resolution of i* (rj®i* E) . Hence the formula follows from Theorem l6.3l 
in this case. If x = a is represented by some smooth form, then 

= f Td(T/ ff> o;f)Td; 1 (F) C h fl ^)*x.a 
•/z s /y 
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and 



JZJY 



>Z g /Y 

Moreover, by the definition of ch g (x) we have 



/ T g (C)Td(Th g )ch g (x) = I c\iM^ g \N)5 x Td(Th g )a 

JZJY JZJY 

( ^(-l) fc ch s (C fe )Td(T^)a 

JzJY 



and 



/ Td(Tf g )Td- 1 (F)ch g (r l )R{N g )ch g {i*x) = 0. 

JXJY 



IXJY 

Finally, using the definition of Td we compute 

ch 9 (^Td^ 1 (7V)ch 9 (i*x)Td((Tf g , u z x ),Th g \ Xg ) 

X g /Y 

= I Td{Tf g ^ z x )Td- g \F)c\x g {rf)5x s a 

JZJY 

- I chMTdftN^x^dtTh^a. 

JZJY 

Gathering all computations above, we know that the formula still holds for x 
which is represented by smooth form. Since both two sides are additive, we are 
done. □ 



Corollary 6.5. Let notations and assumptions be as in Theorem \6.3l and let 
y be any element in K( j (Z flri , fj, n , 0) p . Then the formula 

flS^y • £(-i) fe Tor* z (^,e> Z( j) ~ • E(~ 1 ) fe (^ kJ) 

T g {Z)Td{Th g )ch g (y) 



ZJY 
f 

XJY 



Td(T/ g )Td; 1 (F)ch 5 ( ?7 )i?(7V g )ch g (z; ii y) 



ch g (r7)Td g - i (7V)ch g ( i ; ii y)Td((T/ s ,^),T^ \ Xg ) 

XJY 

holds in Gq(Y, fi n , $) p . 

Proof. Provided Corollary 16.41 it is enough to prove that for any y € 
Kq^Z^, /i„,0) p there exists an element x G Kq(Z, /i„, $) p such that i* z x = y. 
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Here iz stands for the inclusion Z^ n <^-» Z. Actually, set x = i z *(^Z]_(N^ / z )■ 
y), we have 

i* z x = i* z iz*(XZl(Nz/z»J • 2/) = A-i(^z/z,J • A=i0Vz/O • y = y. 
This follows from our arithmetic concentration theorem. □ 

6.3 Proof of the fixed point formula 

In this subsection, we provide a complete proof of Theorem 16.11 the singular 
Lefschetz fixed point formula. Before that, we need to translate Bismut-Ma's 
immersion formula to an arithmetic Go-theoretic version. That's the following. 

Theorem 6.6. Let notations and assumptions be as in Section 6.1. Assume 
that fj is an equivariant hermitian sheaf on X and £. is a bounded complex of 
equivariant hermitian vector bundles providing a resolution of i*rj on Z whose 
metrics satisfy Bismut assumption (A). Then the equality 

m „ 

~ Y,(-l) j h*(L) = / ch g ( V )R g (N)Td g (Tf) 



3=0 ' JX 9/Y 



T g (C)Td g (Th) 

ZJY 

ch g (rj)fd g ((Tf,u; x ),Th k)Td g - 1 (iV) 

X g /Y 

holds in Go(Y, /i n ,0). 

Proof. We first suppose that rj and £. are all acyclic, then the verification follows 
rather directly from the generating relations of arithmetic Go-theory. In fact 

m m 

/f^-EC-W?;) =J^-T g {u x ,W) - (^(-l)i(7^"-T ff (^,^))) 

3=0 j=0 

m 

=ck g (KE) - T g {u z x ,h?) + Y^-iyT g ( u z ,h^). 

3=0 

And the right-hand side of the last equality is exactly the left-hand side of 
Bismut-Ma's immersion formula. We emphasize again that to simplify the 
right-hand side of Bismut-Ma's immersion formula, we have used an Atiyah- 
Segal-Singer type formula for immersion 

i ^(Td 3 - 1 (A^)ch 3 (.T))=ch ff ( l>t ( a; )). 

To remove the condition of acyclicity, one can use the argument which is es- 
sentially the same as in the proof of Theorem 16. 31 Since it doesn't use any new 
techniques, we omit it here. □ 
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Definition 6.7. The inclusion i : X <-} Z induces an embedding morphism 

i m : ^(A^„,0)^F O (Z, M „,A^ K \{O}) 
which is defined as follows. 

(i) . For every /j,„-equivariant hermitian sheaf rj on X, suppose that £. is a 
resolution of i*rj on Z whose metrics satisfy Bismut assumption (A), i*\fj] = 

(ii) . For every a 6 U{X^ n ,$), i*a = aTd' 1 (N)6 Xg - 

Remark 6.8. Similar to Theorem 15.21 and Lemma [531 one can prove that the 
embedding morphism is a well-defined homomorphism of i?(/i„)-modules. 

Proof, (of Theorem 16. ip We first prove that this fixed point formula holds 
when u> x is equal to u> x , namely the Kahler metric on X(C) is induced by 
the Kahler metric on Z(C). By Theorem 16.61 and Definition 16. 71 we have the 
following equality 

/f (rj) =hMv) + I ch g ( V )R g (N)Td g (Tf) 

JXg/Y 

+ [ C h g (rj)Td g ((Tf,u,%),Th\ x )Td^(N) 

Jx g /Y 

which holds in Gq(Y, fj, n , 0). Now we claim that for any element y € 
Ko(Zn* , Mn, N^ R \ {0}) p , we have 

~ hj z *(y) = KnSv ■ R g( N z/z„J)- 

Since all morphisms are homomorphisms of i?(/i„)-modules, we can only con- 
sider the generators of K Q (Z^ n , fi n , Ng R \ {0}). Indeed, by applying Theo- 
rem !6.6l to the closed immersion iz, for any equivariant hermitian vector bundle 
E on Z^ n we have 

- h*i z *(E) = f ch g (E)R g (N z/Ztt jTd g (Th g ) 

JZ g /Y 

=h^(ch g (E)R g (N z/z J)- 
The first equality holds because the exact sequence 

Q^Thg^Th \ Zg ^ N z /z g -> 

is orthogonally split on Z g so that Td g (Th g ,Th \z ) = 0. The second equality 
follows from [2TJ Lemma 7.3] and the fact that ch g (E)R g (Nz/z l _ ln ) is dd c -closed. 
On the other hand, let a be an element in 14 (Z^ , N^ R \ {0}), we have 

~ h **zM) = / «Td g (77^) - / aId- l [N z /z. )Td g {Th) 

JZJY JZ g /Y 

= [ aTd-\N z /z, ln )dd c fd g (T%,Th \ Zg ) = 0. 

Jz g /Y 
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Combing these two computations, we get our claim by linear extension. 
Now using arithmetic concentration theorem, we compute 



h*i*(r)) =hjzjz* 

=h^^zZ^M ■ (1 - R 9 {Nz/z.J)) 
=K^Xl\{N y ZJZ J-i z *u{r}) ■ (l-R g (N z/Zt J)) 

=h,^(\z{(N z/z J-{Y,(-l) k (l k 10 

k 

+ Tg £.)}-{l-R g {N z/z J)) 

^^(xzliNz/zJ-^- 1 )"^ kJ) 

k 

+ h^(Td g (N z/Zttn )T g (l)) 

- h^(Td g (N z/Zfin ) ^(-l) fe ch 9 (6)i? 9 (^ /Ztl „ ))• 



According to Corollary 16.51 by setting y — X_i(N z / Z ), we compute 

k 

=fl * (A=i (Nz/z^ )) • £(-l) fc Tor*, z (i*V, Oz„ n )) 
T g (T-m(J%)Td g (N z/Zg ) 

Td(T/ 9 )Td; 1 (F)ch 9 (ry)i?(7V g )Td g (iV z/z J 

X g /Y 



C \{rj)Td g \N)^d g (N z/Zg )Td{{Tf g ^lTh g \ Xg ) 



T g (£)Tdg(Th) - / Td ff (T/)ch g (,7)i?(7V g ) 

Z g /Y JXJY 



ch g (rj)Td- L (N)Td g (N z/Zg )Td((Tf g ,^),Th g \ Xg ). 

XJY 



Here we have used various relations of character forms or characteristic classes 



Singular fixed point formula of Lefschetz type 55 

arising from the following double complex 



>~{Tf g ,b4) ^Th~ g ^N g ^0 

^Th *N ^0 

(N x/Xg , wf ) ^ N z/Zg p 

ii • • i 



whose columns are all orthogonally split. Also, for this double complex, one 
may use Example 12.31 (iv) to compute that 

Td s ((T/,o;f ),Th \ x ) =Td g (T,u x )Td{N g )Td(Tf g ,ui x ) 

+ fd((Tf g ,u Jx ),Th- g \ Xg )Td g (N z/Zg ). (11) 

We deduce from (fTTj) that 

/ ch 9 (T7)fd s ((T/, W I),77lU)Td 5 - 1 (AT) 

JXg/Y 

= [ ch s (r7)IM((T/ g , W I),77^| Xs )Td g - 1 (]V)Td g (]V z/Zs ) 

JX g /Y 

+ [ C \xMT& g {J)T&-\F)Ta{Tf g ,w x ). (12) 

JXg/Y 

Moreover, we have 

K nt ( Td a (N Z / Z jT g (l.))= [ T g (t)Td(Th- g )Td g (N z/Zg ) 

Jz g /Y 

= I T g (Z)Td g (Th) (13) 

JZ g /Y 

and 

V*(Td ff (iV z/ ^ n ) J2(-V k cK(tk)R g (N z/z ^ )) 
k 

= / TdgiNz/^JS^ch^Td^^^RgiNz/zjTdiTh,) 

JZ g /Y 
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= / Td 5 (iV x/Xs )Td s (^)ch g (, 7 )Td g - 1 (iV) 

■ [R g (N x/Xg ) + R g (N) - R(N g )]Td(Tf g )Td(N g ) 
= [ Td g (Tf)ch g (77) [R g (N x /x g ) + Rg(N) - R(N g )}. (14) 

JX 3 /Y 

Gathering {32]), §T5§ and (H]) we finally get 

l z (v) =fLMJ x -i( NV z/z J) •E(- 1 ) feTor ^(^^»)) 
+ / Td^^Dch^^fd^j^DTd; 1 ^) 

■/X 9 /Y 

- / Td 9 (T/)ch s (r,)i? 3 (iV x/Xg ) 

which completes the proof of Theorem 16. II in the case where the Kahler metric 
on X(C) is induced by the Kahler metric on Z(C). 

In general, in analogy with the notation Td(T/ s , lu x , we write 

Td g (N x / Xg ,ui x ,l>j x ) f° r the secondary characteristic class of the exact 
sequence 

N x /x t -^*- N x/x g 

where the middle term carries the metric induced by ui x and the sub 
term carries the metric induced by u> . Similarly, we have the notation 
Td g (T f,u x ,oj x ). Then by applying the argument in the proof of (TTT1) to 
the double complex 



>-(Tf g ,w x ) ^(Tf g ,uj x ) -0 -0 

{Tf, u x ) (Tf, cj x ) - 

(N x/Xg , u x ) » (N x/Xg , u,f ) ^ 
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We get 

Td 9 (TV, u x , «f ) =Td(T/ 9 , w x , u z x )Td 9 (AT X/Xs , w f ) 

+ Td s (iV x /x 9 , ^ X , oj x ) Td(T/ 9 , lo x ) . 

Moreover, by [3DJ Proposition 2.8], we obtain that 

Td 9 ( J, W * ) = Td 9 ( J, wf ) + Td 9 (7V X/Xs , w x , wf )Td 9 (F) . 
With these two comparison formulae, we can compute 

/ Td(r/ 9 ,^)ch 9 (^)Td 9 (J,^)Td s - 1 (F) 
= / Td(r/ 9 , W x )ch 9 (77)Td 9 (J : , W x )Td 9 - 1 (F) 

JXJY 

- f Td(r/ 9 , W x )ch 9 (^)Td 9 (7, W I)Td 9 - 1 (F) 
+ f Td(T/ 9 ,^)ch 9 (77)fd 9 (J : , W I)Td g - 1 (F) 

- / Td(r/ 9 , W I)ch 9 (7y)fd 9 (J, W |)Td g - 1 (F) 

= / fd(Tf g ,uj x ,LJ x )ch g (rj) 

■ [Td 9 (AT x/X9 , W f )Td 9 (F) - Td g (N z/Zg )]Td^(F) 

+ f Td(r/ 9 , w x )ch 9 (^)Td 9 (7v x/Xs ,^, w |) 

= / ch 9 (^)Td 9 (T/> x ,u;f) 

JXg/Y 

- [ Td(r/ 9 ,^, W |)ch 9 (^)Td 9 (lV z/Zs )Td 9 - 1 (F). 

JXJY 

At last, using [2jfl Lemma 7.3], we get the equality 

fM - f?(v) = f ch 9 (77)Td 9 (r/, w x , w |). 

Jx g /Y 

Together with the fact that the other two terms have nothing to do with the 
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choice of the metric to , we finally obtain that 

fM =f^M n ^-l(N V z/z J) ■ 5>l) fe Tor^( ? *rJ,0^J) 

k 

+ f Td(T/ 5 , W x )ch g (ry)fd g (J : ,^)Td g - 1 (F) 

JXg/Y 

- f Td g (Tf)ch g ( V )R g (N x/Xg ) 

Jx g /Y 

+ f Td(T/ ff ,w jr ,wl)ch ff ^)Td 9 (F ir/Ze )Td- 1 CF) 

JxJY 

which ends the proof of Theorem 16.11 □ 

Remark 6.9. Let Y be an affine arithmetic scheme Spec(D), and choose u> x 
to be the induced Kahler form uj x . Then the formula in Theorem 16.11 is the 
content of [25] Conjecture 5.1]. 
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